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LETTER F R O M T H E EDITORS: 
W e l c o m e t o the s e c o n d i s s u e of the I M S A M a t h Journal, an official pub l i ca t ion of 
the I l l inois M a t h e m a t i c s a n d Sc ience A c a d e m y . T h e p u r p o s e of the IMSAMJ i s t o 
c o m m u n i c a t e t h r o u g h m a t h e m a t i c s w i t h b o t h s t u d e n t s a n d teachers . S o m e of o u r 
g o a l s inc lude: 
• Presen t ing t each ing ins ights , l e s sons , p r o b l e m s . 
• Shar ing mathemat i ca l ideas , m a t h e m a t i c a l t e a c h i n g i d e a s , 
observat ions , approaches , connec t ions , e x t e n s i o n s , 
genera l i za t ions of interest to s t u d e n t s a n d teachers of 
m a t h e m a t i c s . 
• Featur ing m a t h e m a t i c s p r o b l e m s for b o t h i n the c l a s s r o o m 
a n d o u t s i d e t h e c la s sroom, i.e. m a t h contes t s , m a t h 
c o m p e t i t i o n s , etc. 
• D i s c u s s i n g a n d shar ing the ro le of t e c h n o l o g y i n c l u d i n g 
calculators a n d c o m p u t e r s in t h e ins truct ion a n d l earn ing of 
m a t h e m a t i c s . 
• Shar ing o u r exper iences as e d u c a t o r s as w e str ive t o h e l p 
s t u d e n t s construct mathemat i ca l m e a n i n g t h r o u g h an 
integrat ive inter- a n d intra-disc ipl inary se t o f l earning 
exper i ences . 
W e h a v e b e e n e n c o u r a g e d b y t h e suppor t , k i n d w o r d s , a n d construct ive s u g g e s t i o n s 
w e h a v e r e c e i v e d from a n u m b e r of readers of o u r first i s s u e of the IMSAMJ. W e 
l o o k f o r w a r d t o hear ing f r o m y o u a n d v a l u e y o u r ideas , s u g g e s t i o n s , crit ic isms. W e 
w o u l d w e l c o m e y o u r ident i f icat ion of i s sues , topics , etc. that y o u w o u l d l ike u s to 
a d d r e s s in future i s s u e s a n d future I M S A m a t h e m a t i c s publ icat ions . A l s o , w e 
reques t that y o u t a k e t i m e to fill o u t the e n c l o s e d Feedback form. 
Teachers are e n c o u r a g e d t o m a k e c o p i e s of the IMSAMJ, or its articles, for s tudents ' 
u s e p r o v i d e t h e n a m e of the author a n d the I M S A l o g o are i n c l u d e d . W e w o u l d 
l ike t o incorporate s t u d e n t articles, s o l u t i o n s to p r o p o s e d p r o b l e m s a n d other w o r k s 
i n t h e n e x t i s s u e . S e e the front cover for g u i d e l i n e s . A n y s u b m i s s i o n s b e c o m e t h e 
proper ty of the IMSAMJ a n d are subject to e d i t i n g a n d abstraction. N o n e w i l l b e 
returned, s o p l e a s e k e e p a c o p y for yourse l f . S u b m i s s i o n s m u s t b e rece ived at l eas t 
60 d a y s prior t o publ i ca t ion in order to b e c o n s i d e r e d for the n e x t issue. R e s p o n s e s 
to th is i s s u e s h o u l d b e re turned to u s b y January 1 5 , 1 9 9 4 . Be sure to inc lude y o u r 
full n a m e , affil iation, m a i l i n g address a n d status (teacher, s t u d e n t , . . .). If y o u are 
r e s p o n d i n g t o a p r o b l e m or particular article, m a k e specif ic reference to the title, 
p a g e a n d i s sue . W e h o p e y o u w i l l f ind enjoyab le a n d w o r t h w h i l e mater ia ls i n o u r 
p u b l i c a t i o n . 
litu Andreescu, CnarCes itfamBerg, Qeorge 9ddauskfis 
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S H O E L A C E A L G O R I T H M 
by: Char les L. H a m b e r g a n d R o n a l d V a v r i n e k 
Illinois Mathematics and Science Academy 
A favori te m a t h e m a t i c a l contes t p r o b l e m invo lves t he d e t e r m i n i n g of t h e a r ea of a 
p o l y g o n w h o s e vert ices a r e descr ibed b y o rde red pa i r s in t h e p lane . For e x a m p l e , 
AABC has vert ices A(l ,4) , B(3,8) a n d C(9,l) . 
The a r e a of AABC can b e d e t e r m i n e d b y encas ing AABC w i t h i n r ec t ang le WXYZ. 
' /1s 
' w 
':'. A 
V z 
. . . „ . . . . . . . . . . . . 
H i 
c 
x
: 
V-
- 9 
W e t h e n c o m p u t e t h e a reas of t he fol lowing figures: 
F i g u r e 
Rec tangle WXYZ 
area AACZ 
a rea AABW 
area ABXY 
A r e a 
56 
12 
4 
21 
The area of AABC is: 56 - (12 + 4 + 21) = 19. 
It is poss ible to descr ibe a n a lgor i thmic process to d e t e r m i n e t he enc losed a rea of a n y 
po lygona l region. The p rocess w e wil l u se is called the SHOELACE M E T H O D 
The process w o r k s for a n y po lygona l region regard less of the n u m b e r of s ides . 
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Our example wi l l be for a pentagon: 
C(-4,5) 
rx-6,-2) 
E(2,-4) 
Find the area of pentagon ABCDE. 
The area, K, can be found by fol lowing the procedure: 
1) 2 - 4 
5 2 
3 7 
- 4 5 
- 6 - 2 
L 2 - 4 J 
Select a vertex and travel around the 
pentagon ending wi th the starting 
point. Write a matrix of the 
coordinates of the path including both 
the starting and ending coordinates. 
2) 
3) 
2 N - 4 
V 
V 
-
4 \ 5 
- 6 - 2 
2 - 4 
2 - 4 
V 1 
V 7 
" V s 
- 6 ^ - 2 
2 - 4 
Determine the s u m of all "\" products: 
(2)(2) + (5)(7) + (3)(5) + ( -4X-2) + (-6X-4) 
= 4 + 35 + 15 + 8 + 24 
= 86 
Determine the s u m of all "/" products: 
(5)(-4) + (3)(2) + (-4)(7) + (-6)(5) + (2)(-2) 
= - 2 0 + 6 - 28 - 30 - 4 
= - 7 6 
4) Determine the absolute value of the difference of the "\" products and "/" 
products: 
abs ((86) - (-76)) = abs (162) 
= 162 
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5) Take ^ of (4). 
2 (162) = 81 [ area of pentagon 
The formula for the area is displayed: 
K = 2 abs 
2 v - 4 
X 
5
 w 2 
X 
3 7 
X 
- 4
 w 5 X 
"
6 X " 2 
2 - 4 
_ 
1 1 
= 2 abs ((86) - ( -76)) = ^ (162) = 81 
N o t e : D o y o u see the "shoelaces"? 
Example: 
Determine the area of quadrilateral A B C D 
C(3 , -7 ) 
K = 2"abs 
- 6 2 
X 
0 5 
- ,
x
, 
3 X - 7 
X 
- 6 2 
I ;>te: this time w e travelled 
a clockwise direction. 
K = 2-abs[( -30 + 0 + 7 + 6 ) - ( 0 - 5 + 3 + 42 
K = | a b s [ ( - 1 7 ) - ( 4 0 ) ] 
K = 2 (57) 
K = 28~ square units. 
H ^ I M S A 
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In genera l , let P ( x ^ y j , P 2 ( x 2 , y J , . . . , P (x ,y ) be the vert ices of an n - g o n , 
P P P 1
 V 2 1 3 . P . T h e "shoelace" fo rmula for d e t e r m i n i n g the a rea of t h e n - g o n is: 
K = 2 abs 
*1 
x 2 
*3 
• 
• 
• 
Xn 
j * l 
x y i 
x y 2 
N y 3 
• 
• 
v , V n 
X y j _ 
K » 2 a b s [ ( x 1 y 2 + x 2 y 3 + . . . + x n y 1 ) - ( x 2 y 1 + x 3 y 2 + . . . + x 1 y n ) ] 
SHOELACE PROGRAMS 
FOR THE TI-82 & TI-81 
Notes for running the program: 
N = the number of points 
X,Y = thi jordinates of each point 
A counter outputs which point is to be input. 
TI-82 
Prompt N 
For (C,1,N) 
DispC 
Prompt X 
X->Lj(C) 
Prompt Y 
Y - > L 2 ( Q 
End 
L ^ L ^ D ^ S 
LjdJL^OO-oT 
For (C2 JJ) 
S + L^C - l)L2(c) -> S 
T + L j C Q L ^ C - D - ^ T 
End 
Abs(S - T)/2 -> A 
Disp "AREA" 
Disp A 
Stop 
Disp "] 
Input P 
1 - > C 
Lbl 1 
DispC 
Disp ••; 
Input* 
X->{x,(Q 
Disp "Y" 
Input Y 
Y->{) Q 
C + 1 C 
IfC< 
Goto 1 
MCN> D - > S 
[X}(1) M)->T 
2->C 
Lbl 2 
S + {x) -l){y}(C)->S 
T+{x) ){y}(C-l)->T 
C + 1 c 
IfC< 
Goto 2 
abs (S :/2 -> A 
Disp". _r-A" 
Disp A 
End 
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SHOELACE E X P L O R A T I O N S 
M a t h e m a t i c a l I nves t i ga t i ons I 
Fall, 1993 
EXPLORATION 1: 
1. a. D e t e r m i n e the a rea of AABC. 
A(-6,2). 
b. F ind P ^ x ^ V j ) , P ^ x ^ ) , P3(x3 ,y3): <_ 
r x i y{\ 
*2 y 2 
L x 3 y -J 
as 
r -6 2 i 
4 9 
L 8 3 J 
— 
r 4 9 i 
8 3 
L-6 2 j 
B(4,9) 
C(8,3) 
—> 
c. F ind t h e area of the t r iangle w h o s e vert ices a r e 
P1(x1 ,y1) , P(x2,y2), P3 ,(x3 ,y3). 
d. C o m p a r e t he a reas of AABC a n d AP P J 3 . . 
e. Ca lcu la te t he cent ro ids of AABC a n d AP P P b y t ak ing the ave rages of 
t h e x -coord ina tes a n d the a v e r a g e of t he y -coord ina tes . 
2. F ind the set of o r d e r e d pairs , (a,b), so tha t P 1 (7 + a,9), P2(b,7), PAa + b , 5) a r e collinear. 
EXPLORATION 2: 
1. D e t e r m i n e t h e a r ea of quadr i l a t e ra l A - A 2 A 3 A . w h o s e vert ices a r e A (6,0), A J 8 , 3 ) , 
A 3 ( l , 9 ) a n d A 4 ( - 1 0 , - l ) . 
2. F i n d : 
P 3 (x 3 ,y 3 ) = P4< V 4 } = 
"
x i y{ 
*i y 2 
x 3 y3 
L x 4 y 4 J 
— 
" 6 0 1 
8 3 
1 9 
L - i o - i J 
[ - 1 0 - 1 1 
6 0 
8 3 
L 1 9 J 
3. D e t e r m i n e t he a rea of quadr i l a t e ra l P P . P . P . . 
4. C o m p a r e t h e a r ea of quadr i l a t e ra l A.. A - A 3 A 4 w i t h t he area of quadr i l a te ra l P - P - P - P . . 
5. F ind (a,b) = ( ave rage of t h e x-coordinates , ave rage of t he y-coord ina tes ) for 
quadr i l a t e ra l P P P P . £a 
H ^ I M S A 
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T H E EFFECT OF SCALE 
by : R u t h D o v e r 
Illinois Mathematics and Science Academy 
S t u d e n t s c a n r e g u l a r l y a n d r o u t i n e l y u s e g r a p h i n g ca lcu la to r s to s t u d y t h e g r a p h s of a 
w i d e v a r i e t y of func t ions w i t h li t t le difficulty. T o e x a m i n e t h e g r a p h of a func t ion , t h e 
s t u d e n t o f t en s t a r t s w i t h Z o o m - S t a n d a r d . I t is cri t ical t o d o s o m e t h i n k i n g a b o u t a 
r e a s o n a b l e d o m a i n a n d r a n g e a n d i m p o r t a n t f ea tu res of t h e func t ion , h o p e f u l l y b o t h 
b e f o r e a n d after u s i n g t h e ca lcula tor . Th i s b i t of ref lec t ion c a n s a v e t ime i n i n v e s t i g a t i n g 
t h e func t i on , a n d c a n h e l p in a v o i d i n g incor rec t conc lu s ions . 
C o n s i d e r t h e p o l y n o m i a l func t ion 
y = (x + 2 ) 5 ( x - l ) 3 ( x - 3 ) 2 
F o u r g r a p h s of th is func t ion a r e g i v e n b e l o w u s i n g d i f ferent w i n d o w s . T h i n k a b o u t w h a t 
t h e ca l cu l a to r is d o i n g w h i c h resu l t s in e a c h g r a p h . 
W i n d o w 1 W i n d o w 2 
T 
I t 
Z o o m - S t a n d a r d 
W h a t h a p p e n e d to x = 3? 
1 ! I 
-6 < x < 6, -80 < y < 80 
A h i n t a t x = 3 
W i n d o w 3 W i n d o w 4 
-4 < x < 4, -100 < y < 100 
A t l eas t t h e r e is a n in te rcep t , b u t . 
-4 < x < 4, -400 < y < 1800 
Final ly! 
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The variation of these graphs reinforces the importance of the choice of a w i n d o w in 
understanding the nature of the function. In the first w i n d o w , the zero x = 3 is lost 
completely. G iven the scale for x, the va lues of x for the pixels o n either s ide of 
x = 3 are too far apart. The actual graph of the function drops and then rises aga in s o 
precipitously that this h a p p e n s b e t w e e n the t w o pixels, and no th ing s h o w s u p in the 
calculator w i n d o w . T o o m u c h trust in the calculator w i t h o u t sufficient thought cou ld lead 
to very mis leading results. 
The s e c o n d w i n d o w d o e s a little better. With a s l ightly smaller d o m a i n for x a n d a 
significantly ex tended range for y , the t w o pixels around x = 3 s h o w the graph descending 
part w a y . Neverthe less , it still misses the zero of the function w h i c h can be f o u n d easi ly 
algebraically. 
With W i n d o w 3 and a very basic understanding of the graphs of p o l y n o m i a l functions, 
one's imaginat ion can fill in the mis s ing parts of the graph. Finally i n W i n d o w 4, l eav ing 
the x alone but stretching y greatly, w e can see all of the necessary part of the graph, albeit 
w i th significant distortion. 
Another useful approach for these graphs is to choose a scale for w h i c h the x -va lues of 
the pixels wil l inc lude x = 3 and other friendly va lues of x. O n the TI-81, choose 
x G [-4.7,4.8]. O n the TI-82, u s e Zoom-Dec imal and then rescale the y-values . 
A s a very different example of the effects of scale o n a graph, consider the three graphs of 
the fo l lowing pair of functions: 
f(x) = x^ and g(x) = 4 X for x > 0 
This t ime, try to find w i n d o w s w h i c h wil l g i v e each of the three graphs be low. 
Concentrate o n the first quadrant only . 
Window 1 Window 2 Window 3 
A s y o u can see , this does take s o m e work. Your first g u e s s e s probably weren't y o u r final 
answers . N o t i c e from W i n d o w 1 to W i n d o w 2 there m u s t be a po int w h e r e f a n d g cross 
and from W i n d o w 2 a n d W i n d o w 3 w e s e e that there m u s t be a s e o n d cross-over point. 
Hopeful ly , these examples wi l l he lp to remind y o u that your unders tanding of the 
function and its graph d e p e n d s directly o n the scale y o u choose to u s e o n the 
calculator, fa 
Need answers? 
Window 1: Let x e [0,2] and y e [0,10] 
Window2: Letxe [0,3.5] and y e [0,90] 
Window 3: Let x e [0,8] and y e [0,8000] 
^ I M S A 
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T H E G E O M E T R Y O F M E A N S 
b y : G e o r g e A . M i l a u s k a s 
Illinois Mathematics and Science Academy 
O n e o f t e n s p e a k s of t h e average o r mean of a s e t of n u m b e r s . T h e s e w o r d s a r e 
a c t u a l l y a m b i g u o u s w h e n w e c o n s i d e r t h a t t h e r e a r e m a n y t y p e s of a v e r a g e . E a c h of 
t h e f o l l o w i n g is a t y p e of m e a n . A l t h o u g h m e a n s a r e n u m e r i c a l o r a l g e b r a i c i n 
n a t u r e , t h e y h a v e a p p l i c a t i o n s a n d , i n fact m o d e l s , i n g e o m e t r y . 
Arithmetic Mean: 
a + b a + b + c j£i 
A . M . = —~— o r — o — o r 
n 
Geometric Mean: 
G . M . = V a-b o r V a-b-c o r -^ a a^ 
Harmonic Mean: 
H . M . = 
r i 1 1 
a + b 
2 
- 1 
o r 
1 1 1 
I + b + c 
Root-Mean-Square: 
R L.M.S. = - y ^ p ^ o r *\j 
2 , 2 2 
a + b + c 
o r 
r-1 
k=l 
n V 2 2 2 „ \ / X '<• 
E a c h of t h e m e a n s p l a y s a r o l e i n g e o m e t r y a s y o u c a n s e e i n t h e t h e o r e m s b e l o w . 
a + b 
x = 
A chord-chord angle is 
the average of the arcs 
cut off. 
x = V a-b 
The altitude to the hypotenuse of 
a right triangle is the geometric 
mean of the parts of the 
hypotenuse. 
A n o t h e r m e a n is t h e " M e a n Di f fe rence" 
I t i s t h e a v e r a g e of b a n d - a . 
b - a 
M . D . (a,b) = — 2 ~ 
r ^ l M S A 
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T h e cr iss -cross w i r e p r o b l e m : 
T w o p o l e s w i t h h e i g h t s a a n d b a r e d u n i t s a p a r t . T h e 
t o p of e a c h i s c o n n e c t e d t o t h e b o t t o m of t h e o t h e r w i t h a 
w i r e . H o w far a b o v e t h e g r o u n d d o t h e w i r e s c r o s s ? a 
E l 
x 
n q 
T h e s o l u t i o n t o t h i s p r o b l e m re l i e s o n t h e t w o p a i r s of s i m i l a r t r i a n g l e s : 
[Notice this result is independent of d and only requires that a, b, and x are from parallel segments.] 
x
 = _ a 
a 
x
_ _ £ - x x 
a n d r = ^ T - l e a d t o - + r = 
p + q b p + q a b p + q P + Cl 
x x ., I l l ab 
t h u s : - +
 E = 1 s o t h a t - - - + g o r x = I T £ 
p + q 
[ Half of H.M.(a,b) ] 
T h i s r e l a t i o n s h i p a l s o o c c u r s i n s e v e r a l l a w s of p h y s i c s s u c h as: 
T h e t h i n l e n s l a w : 
L e n s e s w i t h focal l e n g t h 
f- a n d L h a v e c o m b i n e d 
focal l e n g t h F , w h e r e : 
I _ l 1 
F ~ f + f 1 2 
A 
T h e r e s i s t a n c e l a w : 
A p a r a l l e l r e s i s t a n c e 
c i r cu i t u s i n g r e s i s t a n c e s 
r 1 a n d r h a s a to t a l 
r e s i s t a n c e , R, w h e r e : 
R = r a + r 2 
> 1 
- w — h -
H H 
See if y o u c a n f i n d o t h e r e x a m p l e s of m e a n s t h a t ex i s t i n g e o m e t r i c o r r e a l life c o n t e x t s . 
M e a n s i n a t rapezo id: 
A c o m m o n p r o b l e m i n g e o m e t r y i n v o l v e s t h e 
m e d i a n of a t r a p e z o i d . 
T h e m e d i a n of a t r a p e z o i d is t h e average of t h e b a s e s . 
T h e s e g m e n t j o i n i n g t h e m i d p o i n t s of t h e d i a g o n a l s 
is t h e mean difference. S e e if y o u c a n v e r i f y t h e 
p r e s e n c e of t h e o t h e r m e a n s i n o t h e r s e g m e n t s 
p a r a l l e l t o t h e b a s e s i n t h e t r a p e z o i d s b e l o w . 
T r a p I ~ T r a p II 
r ^ l M S A 
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A v e r y i m p o r t a n t i n e q u a l i t y r e l a t e s t h e f o u r m e a n s . 
H . M . < G . M . < A . M . < R . M . S . 
1 l 
a" + b 
- i - l 
< V a - b < 
a + b 
W 
2 d u 2 
a + b 
(Equality holds only when the numbers averaged are identical.) 
T h e p r o o f of t h i s i n e q u a l i t y is e v i d e n t i n t h e g e o m e t r i c m o d e l a t t h e r i g h t . 
P R O B L E M S : 
1. G i v e n a s q u a r e a n d a r e c t a n g l e : 
S e e i f y o u c a n v e r i f y t h e f o l l o w i n g : 
• I f t h e p e r i m e t e r s o f t h e s q u a r e 
a n d r e c t a n g l e a r e e q u a l , t h e n : 
• I f t h e a r e a s o f t h e s q u a r e a n d 
r e c t a n g l e a r e e q u a l , t h e n : 
• I f t h e r a t i o s o f a r e a t o p e r i m e t e r , 
IJ = p \ a r e e q u a l , t h e n : 
[L s q L r e c t j 
>If t h e d i a g o n a l o f t h e s q u a r e i s t h e 
s a m e a s t h e d i a g o n a l o f t h e 
r e c t a n g l e t h e n : 
a + b 
s = 
= V a - b 
s = 
2 a - b 
a + b 
= V ^ 
2 . S i m i l a r r e l a t i o n s h i p s c a n b e f o u n d f o r t h e d i m e n s i o n s , s , o f a c u b e a n d 
a , b , a n d c o f a r e c t a n g u l a r b o x . S e e i f y o u c a n f ind a n d ve r i fy e a c h of t h e s e 
p r o p e r t i e s f o r s o l i d s w h e r e s i s a m e a n o f a , b , a n d c . 
3 . G i v e n t w o a d j a c e n t s q u a r e s . F i n d 
t h e d i s t a n c e b e t w e e n t h e i r c e n t e r s 
a n d p o i n t o u t a n y m e a n s t h a t 
y o u e n c o u n t e r a l o n g t h e w a y . &> a b 
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SPROUTS: 
A n a l y z i n g a S i m p l e G a m e 
by: S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
A v e r y s i m p l e g a m e w h i c h h a s i ts o r i g i n s in t h e field of Discrete Mathematics i s a 
g a m e ca l l ed S P R O U T S . Y o u p l a y S P R O U T S a c c o r d i n g to t h e f o l l o w i n g ru le s : 
1. B e g i n w i t h a g i v e n n u m b e r of d o t s . 
2. A n a r c c a n b e d r a w n c o n n e c t i n g a n y t w o d o t s . 
3. A n a r c c a n b e d r a w n c o n n e c t i n g a d o t to itself. 
4. O n e a c h new a rc , a new d o t is p l a c e d a t i ts m i d p o i n t . 
5. N o d o t c a n h a v e m o r e t h a n t h r e e a r c s c o m i n g f r o m it. 
6. N o a r c c a n c r o s s a n y o t h e r arc . 
7. T h e w i n n e r i s t he p l a y e r w h o m a k e s t h e last valid move. 
A g a m e of S P R O U T S w h i c h b e g i n s w i t h t w o d o t s is p l a y e d o u t b e l o w . 
S t a r t 1st M o v e 2 n d M o v e 3 r d M o v e 4 t h M o v e 5 t h m o v e 
• A 
'B f 
• B £ 
B B E 
B E B E 
Player 1 connects 
point A to point 
B and puts in 
midpoint C. 
Player 2 connects 
point B to point 
C and puts in 
midpoint D. 
Player 1 connects 
point B to point 
D and puts in 
midpoint E. 
Player 2 connects 
point A to itself and 
puts in midpoint F. 
Player 1 wins by 
connecting point E 
to point F and 
putting in point G. 
P l a y e r 2 c a n b e g i n a n arc a t p o i n t G , b u t t he r e i s n o p o i n t ava i l ab l e for i ts o t h e r 
e n d p o i n t . E v e r y d o t , excep t G, a l r e a d y h a s 3 a r c s j o in ing it . T h e g a m e e n d s w i t h 
P l a y e r 1 t h e w i n n e r . 
R e p l a y t h e g a m e s t a r t i n g w i t h P l a y e r 1 c o n n e c t i n g p o i n t A to itself. 
• H o w m a n y m o v e s d o e s t h e g a m e h a v e ? 
• W h o w i n s ? 
• C a n y o u s e e t h a t t h e r e w o u l d b e a n o t h e r (v i r t ua l l y iden t i ca l ) g a m e if y o u b e g i n 
b y c o n n e c t i n g p o i n t B to i tself? 
For e v e r y 2 - d o t g a m e , t h r e e in i t ia l m o v e s a r e p o s s i b l e . T r y to p l a y o u t all u n i q u e 
poss ib l e 2 - d o t g a m e s . N o w , p l a y a few g a m e s s t a r t i n g w i t h 3 do t s . H o w m a n y in i t ia l 
m o v e s a r e p o s s i b l e for a 3 - d o t g a m e s ? For e a c h g a m e , c o u n t t h e n u m b e r of m o v e s i t 
t akes to d e t e r m i n e a w i n n e r . Reco rd w h o w i n s e a c h g a m e . 
D o y o u u n d e r s t a n d t h e g a m e wel l e n o u g h to a n a l y z e it? If so , c o m p l e t e t h e f o l l o w i n g 
table . 
r ^ l M S A 
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# of d o t s 
a t s t a r t of g a m e 
# in i t i a l 
p o s s i b l e m o v e s 
# m o v e s to 
d e t e r m i n e w i n n e r 
w i n n e r 
1 
2 
3 
4 
5 
6 
n 
1 
3 
2 
5 
P l a y e r 2 
P l a y e r 1 
H a v i n g t r o u b l e ? Y o u m i g h t t h i n k a b o u t w h a t h a p p e n s as y o u add a dot (C) to t h e 2 
d o t g a m e . Three in i t ia l p o s s i b l e m o v e s a r e a d d e d , o n e w h i c h c o n n e c t s p o i n t C to itself 
a n d t w o a d d i t i o n a l m o v e s e a c h of w h i c h c o n n e c t s p o i n t C to o n e of t h e o t h e r t w o 
p o i n t s . 
• A 
C 
• B . D 
• B 
• A 
C 
W h e n a fourth d o t i s a d d e d , a g a i n it c a n b e c o n n e c t e d to itself a n d a l so t o t h e t h r e e 
p r e - e x i s t i n g d o t s a d d i n g four m o r e in i t ia l p o s s i b l e m o v e s . W h e n y o u a d d t h e nth d o t , 
h o w m a n y m o r e in i t ia l p o s s i b l e m o v e s a r e a d d e d ? 
T h i s k i n d of t h i n k i n g is ca l l ed recursive thinking. 
R e c u r s i v e T h i n k i n g 
• W e k n o w t h e n u m b e r of in i t ia l p o s s i b l e m o v e s for a 1 - d o t g a m e . 
• A s l o n g as w e k n o w t h e n u m b e r of in i t ia l p o s s i b l e m o v e s for a k - d o t g a m e a n d 
w e k n o w h o w m a n y m o r e ini t ia l m o v e s a r e a d d e d w h e n o n e m o r e d o t is 
a d d e d , w e c a n f igure o u t t h e n u m b e r of in i t i a l p o s s i b l e m o v e s for a n y g a m e 
w h i c h b e g i n s w i t h m o r e t h a n k d o t s . 
# of d o t s a t s t a r t of g a m e | # in i t i a l p o s s i b l e m o v e s | 
1 
2 
3 
4 
5 
1 +(1 + 1) = 3 
3 + (1 + 2) = 6 
6 + (1 + 3) = 10 
10 + ( 1 + 4) = 15 
n (n - l ) n 
+ ( l + ( n - l ) ) = 
n ( n + 1 ) 
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Y o u m a y r e c o g n i z e t h e n u m b e r of in i t ia l p o s s i b l e m o v e s as t h e triangular n u m b e r s 
( see H a m b e r g , I M S A M J , Fall , 1992, p a g e 7). T h e n t h t r i a n g u l a r n u m b e r is u s u a l l y 
r e p r e s e n t e d b y t h e e x p r e s s i o n ~ • W h y w o u l d — x — r e p r e s e n t t h e ( n - l ) s t 
t r i a n g u l a r n u m b e r ? 
F o r m u l a T h i n k i n g 
A s e c o n d w a y to o b t a i n t h e s a m e r e s u l t is t o i m m e d i a t e l y c o n s i d e r t h e n - d o t g a m e . 
F o r t h e n - d o t g a m e , e a c h d o t m a y in i t i a l ly b e c o n n e c t e d to i tself (n in i t ia l p o s s i b l e 
m o v e s ) , a n d o n e a d d i t i o n a l in i t ia l m o v e is pos s ib l e for e a c h pair of d o t s w h i c h c a n b e 
c h o s e n f r o m t h e se t . 
I n m a t h e m a t i c a l n o t a t i o n th i s m e t h o d of d e t e r m i n i n g t h e n u m b e r of in i t i a l p o s s i b l e 
m o v e s c a n b e r e p r e s e n t e d as 
n +
 n C 2 = n + 1 , T 2 ! ( n - 2 ) ! 
n ( n - l ) ( n -
_ l l +
 2 ( n - 2 ) ! 
(n - l ) n 
= n + 2 
n ( n + 1) 
2)! 
H o w M a n y M o v e s to D e t e r m i n e a W i n n e r ? 
T o c o m p l e t e t h e o r i g i n a l table , w e n e e d to f ind t he m a x i m u m n u m b e r of m o v e s for a 
w i n n e r to b e d e t e r m i n e d . C o n s i d e r t h a t w h e n w e b e g i n w i t h 2 d o t s , t h e r e a r e in i t i a l ly 
6 a r c s p o s s i b l e w h i c h wi l l h a v e o n e of t h e first t w o d o t s as a n e n d p o i n t . ( R e m e m b e r , 
e a c h d o t m a y h a v e a t m o s t 3 a rcs c o m i n g f rom it.) 
C o n s i d e r w h a t h a p p e n s o n t h e f i rs t m o v e of t h e g a m e : 
• O n e d o t is a d d e d , b u t it h a s t w o a rcs a l r e a d y c o m i n g f r o m it, s o o n l y one 
additional arc is added. 
• E a c h of t h e t w o o r ig ina l d o t s loses o n e ava i l ab l e arc . 
T h e r e is a net loss of o n e a r c f r o m t h e in i t ia l 6. Since o n e a r c i s l o s t for e a c h m o v e , t h e 
m a x i m u m n u m b e r of m o v e s in a 2 - d o t g a m e is 5. N o w , y o u s h o u l d b e a b l e to 
c o m p l e t e t h e o r i g i n a l table . 
A P r o b l e m for A n a l y s i s 
W h a t if t h e g a m e is c h a n g e d so t h a t e a c h a r c m a y h a v e a t m o s t 4 a r c s c o m i n g f r o m i t? 
D o e s t h e n u m b e r of in i t ia l m o v e s c h a n g e ? 
D o e s t h e n u m b e r of m o v e s to d e t e r m i n e a w i n n e r c h a n g e ? 
W h a t if t he g a m e is c h a n g e d s o t h a t e a c h d o t m a y h a v e a t m o s t 3 a r c s c o m i n g f r o m it, 
h o w e v e r , t w o new d o t s a r e p l a c e d o n e a c h new a rc? 
D o e s t h e n u m b e r of in i t ia l m o v e s c h a n g e ? 
D o e s t h e n u m b e r of m o v e s to d e t e r m i n e a w i n n e r c h a n g e ? 
r ^ l M S A 
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T o b e ce r t a in t h a t y o u u n d e r s t a n d t h e g a m e , d e t e r m i n e i n e a c h of t h e f o l l o w i n g cases 
w h e t h e r t he g a m e s i t u a t i o n could o c c u r . If it is not a p o s s i b l e s c e n a r i o , e x p l a i n w h y 
n o t . £» 
A 
E 
B 
9 
C 
a 
G 
D 
e & 
T h e f o l l o w i n g t ab l e s u m m a r i z e s r e s u l t s 
for g a m e s t h a t s t a r t w i t h t w o , t h r e e , four , 
a n d five d o t s a n d g e n e r a l i z e s t h e 
n u m b e r p a t t e r n for n d o t s . 
# of d o t s a t s t a r t of g a m e # in i t i a l p o s s i b l e m o v e s # m o v e s t o d e t e r m i n e w i n n e r 
2 
3 
4 
5 
3 
6 
10 
15 
5 
8 
11 
14 
n n ( n + 1) 3 n - l 
Refe rence : S. K r u l i k , " N e t w o r k s " , Student Math Notes, S e p t e m b e r , 1984. 
•aiqjssoj :H 
SOJBOAVJ 
•ajqissoj 
•4D3SJ34UI 
'ajqissod ;OM 
•0 
•d 
•n 
•sore £ JOJ iinodpira aip 
si luiod auo 'ajqissod }ON 
•aiqissoj 
:H 
•a 
•saiB \r 10} ;urodpu3 aqj sx 
}inod auo 'ajqissod 40^ 
•aiqissoj 
•ajqissoj 
O 
=9 
V 
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by: Titu A n d r e e s c u 
Illinois Mathematics and Science Academy 
T h e f o l l o w i n g p r o b l e m s h a v e s o m e t h i n g i n c o m m o n : e a c h can b e s o l v e d i n l e s s 
than three m i n u t e s . G i v e yourse l f f i fteen m i n u t e s for all of t h e m . 
1° For h o w m a n y p o s i t i v e integers , n , i s n + n + 2 a n integer square? 
2° Let m a n d n b e dist inct p o s i t i v e integers . Wri te m 6 + n 6 as a s u m of t w o 
squares , different than m 6 a n d n 6 . 
[ x 2 - x y = a 
3° So lve the sys tem: j 
4 ° Let f b e a real funct ion s u c h that 
3f(n - 2) + 2f(3 - n) = n + ( - l ) n 
for all integers, n. F ind f(1993). 
5° The b a s e s of a t rapezo id m e a s u r e 19 a n d 93 inches a n d the other t w o s i d e s 24 
a n d 70 inches . F ind the a n g l e f o r m e d b y the e x t e n d e d non-para l le l s ides . 
If t i m e p a s s e s too quickly , y o u m a y n e e d s o m e h e l p - take a g lance o n p a g e 35. 
Final a n s w e r s are l i s ted o n t h e b o t t o m of p a g e 4 8 .&> 
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E N V E L O P I N G C U R V E S O N A PARALLEL A X I S G R A P H I N G S Y S T E M 
b y A s h l e y L. Morgan , Class of '94 
Illinois Mathematics and Science Academy 
After r e a d i n g the article o n paral le l axes in the first I M S A M a t h Journal, I d e c i d e d to 
g r a p h certain "common" f u n c t i o n s o n paral le l axis s y s t e m . N o t w a n t i n g t o d o all 
the g r a p h s b y h a n d a n d w a n t i n g m a n y data po ints , I w r o t e a c o m p u t e r p r o g r a m to 
d o all of t h e hard w o r k for m e . * After g r a p h i n g severa l t y p e s of r e la t ions s u c h as 
p o l y n o m i a l s , t r i g o n o m e t r i c func t ions , circles, h y p e r b o l a s a n d others , I n o t i c e d that 
the paral le l a x e s g r a p h s w e r e o f ten so l id "regions" e n v e l o p e d b y curves . I w o n d e r e d 
if there w a s a w a y t o t o d e f i n e t h e s e e n v e l o p e s b e c a u s e often, parts o f t h e e n v e l o p e s 
w e r e h i d d e n b y o ther par t s of t h e g r a p h , e .g . y = s in(x) . Af ter t a l k i n g w i t h Mr. 
H a m b e r g a b o u t s o m e o f m y m u s i n g s , h e h i n t e d that the e n v e l o p e w a s re la ted t o t h e 
d e r i v a t i v e of t h e func t ion . A n e x a m i n a t i o n of t h e f u n c t i o n s y = x2 w i l l s h o w u s 
w h y . 
W e reca l l t h e o r i g i n a l a r t i c l e o n 
p a r a l l e l a x e s w h e r e w e g r a p h e d 
"lines" s u c h as y = 2x - 5 a n d s a w that 
t h e p a r a l l e l a x e s g r a p h s h o w e d 
s e v e r a l l i n e s i n t e r s e c t i n g i n a p o i n t 
d u b b e d t h e "s lope point" b e c a u s e t h e 
ratios 
A j P 
• r ° 
A £ 
B 2 P 
A £ 
V 
= 2 w h e r e 2 
is t h e s l o p e of the funct ion y = 2x - 5. 
W e n o t e that y' = 2 for all x. 
Therefore , if w e are g o i n g 
to b e w o r k i n g w i t h s l o p e s , 
i t w o u l d b e b e n e f i c i a l t o 
h a v e the d e r i v a t i v e of o u r 
f u n c t i o n . y ' = 2x. N e x t , 
l o c a t e w h e r e t h e " s l o p e 
po in t" s h o u l d b e l o c a t e d 
for e a c h l i n e i n t h e g r a p h 
b a s e d o n t h e s l o p e of t h e 
c u r v e at that po in t . If th i s 
i s d o n e for e v e r y l i n e , i t 
w i l l m a p o u t the e n v e l o p e 
of t h e curve . 
^ r 
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If w e g r a p h 1000 data p o i n t s the e n v e l o p e is clearly de f ined . 
y i 1 1 1 1 1 1 1 1 1 — 
10 -3 -6 -7 -« -8 H -3 -2 -1 ( 
7 s a 11 
Explorat ion #1: 
Graph t h e f o l l o w i n g l ines o n paral le l axes: 
l ) y = 2x 3 ) y = | * 5 ) y = 4 
2 ) y = -2x 4 ) y = p 6)y = x 
a) O b s e r v e the l oca t ion of the "slope point" in e a c h instance . A p p l y these 
observa t ions t o the g r a p h of y = x2. 
b) W h a t i s the s ign i f i cance of the e n v e l o p e cross ing the y -ax i s? x-axis? 
c) C a n c o n n e c t i o n s b e m a d e to the c o n c a v i t y of the funct ion? 
d) W h a t is an e q u a t i o n of a l ine that h a s a "slope point" o n the x-axis? 
e) W h a t e l s e d o y o u o b s e r v e ? 
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E x p l o r a t i o n #2: 
R e p e a t Exp lora t ion #1 for the f o l l o w i n g curves: 
l ) y = -:c2 3 ) y = ^ 
2) y = sinCe) 4 ) x 2 + y 2 = l 
* The graphs on the last two pages of this article were all made using the graphing program I wrote 
to graph relations on parallel axes. Though not shown here, the program is also capable of graphing 
relations on perpendicular axes and a split screen of both perpendicular and parallel axes. If you would 
like a copy of the graphing program, please send your request with $6.00 to the following address: 
Editors 
IMSA Math Journal 
1500 W. Sullivan Rd. 
Aurora, IL 60110 
Program is MS-DOS 
640x480 resolution and 
640K memory required. 
Please specify disk size. 
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U S I N G T E C H N O L O G Y T O REPRESENT M A T H E M A T I C A L I D E N T I T I E S 
b y : C h a r l e s L. H a m b e r g a n d R i c h a r d K i c k 
Illinois Mathematics and Science Academy 
T h e r o l e of t e c h n o l o g y c o n t i n u e s t o e x p a n d i n t h e w a y b o t h m a t h e m a t i c s t e a c h e r s 
a n d m a t h e m a t i c s s t u d e n t s i m p l e m e n t i t s u s e s . M a t h e m a t i c s t e a c h e r s o f t e n u s e a 
g r a p h i n g c a l c u l a t o r o r c o m p u t e r t o g r a p h e q u i v a l e n t t r i g o n o m e t r y f u n c t i o n s , 
t h e r e f o r e , h e l p i n g s t u d e n t s i n t u i t i v e l y d e v e l o p t h e i r be l i e f of a n i d e n t i t y 
r e l a t i o n s h i p . 
I n t h e e x a m p l e s b e l o w Mathematica i s u s e d t o i n t u i t i v e l y c o n v i n c e s t u d e n t s t h a t t h e 
func t ions s i n 2x a n d 2 s i n x c o s x c o u l d e s t a b l i s h t h e i d e n t i t y 
s i n 2x = 2 s i n x cos x. S i m i l a r l y t h e g r a p h s of cos 2x, (cos x) - ( s i n x ) 2 , 1 - 2 ( s in x ) 2 , 
a n d 2(cos x ) 2 - 1 w o u l d s u g g e s t t h e i d e n t i t i e s 
cos 2x = (cos x ) 2 - (s in x) 2 =1 - 2 (s in x ) 2 =2(cos x) 2 - 1 . 
P l o t [ S i n [ 2 x ] , { x , - P i , P i } ] P l o t [ 2 S i n [ x ] C o s [ x ] , 
{ x , - P i , P i } ] 
E a c h M a t h e m a t i c a s t a t e m e n t l i s t e d w i l l p r o d u c e t h e g r a p h s h o w n . 
P l o t [ C o s [ 2 x ] , { x , - P i , P i } ] 
P l o t [ l - 2 S i n [ x ] A 2 , { x , - P i , P i } ] 
P l o t [ C o s [ x ] A 2 - S i n [ x ] A 2 , 
{ x , - P i , P i } ] 
P l o t [ 2 C o s [ x ] A 2 - l , { x , - P i , P i } ] 
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T h e c a p a b i l i t i e s of Mathematica t o v i s u a l l y r e p r e s e n t 3 - s p a c e g r a p h s p r o v i d e s 
s t u d e n t s w i t h a p o w e r f u l i n t u i t i v e , v i s u a l r e p r e s e n t a t i o n of p o s s i b l e i d e n t i t i e s 
s u c h as : 
s i n ( x + y ) = s i n x c o s y + s i n y c o s x 
s i n ( x - y ) = s i n x cos y - s in y c o s x 
cos (x + y ) = cos x cos y - s in x s i n y 
cos (x - y ) = cos x cos y + s i n x s i n y 
t a n x + t a n y 
t a n ( x +
 y ) = l - t a n x t a n y 
t a n x - t a n y 
t a n ( x - y ) =
 1 + t a n x t a n ' y 
T h e g r a p h s t h a t f o l l o w m a k e r e f e r e n c e to t h e a b o v e i d e n t i t i e s . 
P l o t 3 D [ S i n [ x + y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
Plot3D[Sin[x] Cos[y] + 
Cos[x] Sin[y], 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
E a c h of t h e f o l l o w i n g g r a p h s a r e o b t a i n e d f r o m 2 d i f f e r e n t p l o t c o m m a n d s . 
P l o t 3 D [ S i n [ x - y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
Plot3D[Sin[x] Cos[y] -
Cos[x] Sin [y] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
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P l o t 3 D [ C o s [ x + y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
P l o t 3 D [ C o s [ x ] C o s [ y ] -
S i n [ x ] S i n [ y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
P l o t 3 D [ C o s [ x - y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
P l o t 3 D [ C o s [ x ] C o s [ y ] + 
S i n [ x ] S i n [ y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
P l o t 3 D [ T a n [ x + y ] , 
{ x , - P i / 4 , P i / 4 } , 
{ y , - P i / 4 , P i / 4 } , 
ViewPoint ->{2 .284 , -2 .325 ,0 .910} ] 
P l o t 3 D [ ( T a n [ x ] + T a n [ y ] ) 
/ ( 1 - T a n [ x ] T a n [ x ] , 
{ x , - P i / 4 , P i / 4 } , 
{ y , - P i / 4 , P i / 4 } , 
ViewPoint->{2.284,-2.325,0.910}] 
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P l o t 3 D [ T a n [ x - y ] , 
{ x , - P i / 4 , P i / 4 } , 
{ y , - P i / 4 , P i / 4 } , 
ViewPoint ->{2 .284 , -2 .325 ,0 .910} ] 
P l o t 3 D [ ( T a n [ x ] - T a n [ y ] ) 
/ ( l + T a n [ x ] T a n [ x ] , 
{ x , - P i / 4 , P i / 4 } , 
{ y , - P i / 4 , P i / 4 } , 
ViewPoint->{2.284,-2.325,0.910} ] 
W h a t i f y o u u s e t h e i n c o r r e c t s i g n ? 
P l o t 3 D [ S i n [ x - y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
P l o t 3 D [ S i n [ x ] C o s [ y ] + 
C o s [ x ] S i n [ y ] , 
{ x , - 2 P i , 2 P i } , { y , - 2 P i , 2 P i } ] 
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In a d d i t i o n t o t r i g o n o m e t r y i d e n t i t i e s , Mathematica h a s t r e m e n d o u s p o t e n t i a l for 
s i m i l a r l y r e p r e s e n t i n g l o g a r i t h m i c i den t i t i e s . T h e g r a p h s of l o g x y , l o g x + l o g y , 
l og - , a n d l o g x - l o g y s e r v e as p o w e r f u l m o t i v a t o r s for h e l p i n g s t u d e n t s "be l ieve" 
t h a t : 
l o g x y = l o g x + l o g y 
x 
l o g - = l o g x - l o g y 
P l o t 3 D [ L o g [ x y ] , 
{ x , 0 . 1 , 2 } , { y , 0 . 1 , 2 } , 
ViewPoint ->{2 .191 , -2 .231 ,1 .294} ] 
P l o t 3 D [ L o g [ x ] + L o g [ y ] , 
{ x , 0 . 1 , 2 } , { y , 0 . 1 , 2 } , 
V iewPoint ->{2 .191 , -2 .231 ,1 .294} ] 
P l o t 3 D [ L o g [ x / y ] , 
{ x , 0 . 1 , 2 } , { y , 0 . 1 , 2 } , 
ViewPoint ->{1 .797 , -2 .646 ,1 .104} ] 
P l o t 3 D [ L o g [ x ] + L o g [ y ] , 
{ x , 0 . 1 , 2 } , { y , 0 . 1 , 2 } , 
ViewPoint ->{1 .797 , -2 .646 ,1 .104} ] 
It s h o u l d b e n o t e d t h a t t h e u s e of t e c h n o l c ; ^ d o e s n o t ve r i fy o r v a l i d a t e t h e 
i d e n t i t i e s . S t u d e n t s s t i l l n e e d t o p r o v e o r verify t h a t t h e i d e n t i t i e s d o ex i s t . T h e 
t e c h n o l o g y s e r v e a s a p o w e r f u l v i s u a l a i d t o h e l p t h e s t u d e n t b r i d g e t h e g a p b e t w e e n 
t h e c o n j e c t u r e d f o r m of t h e i d e n t i t y a n d t h e a c t u a l v e r i f i c a t i o n of t h e i d e n t i t y . £* 
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M A T H E M A T I C A L E X P L O R A T I O N S W I T H A P E N D U L U M 
b y : R i c h a r d Kick 
Illinois Mathematics and Science Academy 
W h i l e w o r k i n g a t F e r m i N a t i o n a l A c c e l e r a t o r L a b o r a t o r y I w a s f o r m a l l y i n t r o d u c e d 
t o t h e c o n c e p t of a p e n d u l u m . I t is a m e c h a n i s m t h a t p h y s i c i s t s a g r e e is a t t h e h e a r t 
of m u c h of t h e w o r k d o n e a t F e r m i L a b a n d m o s t o t h e r sc ien t i f ic i n s t i t u t i o n s a r o u n d 
t h e w o r l d . I t i s a l s o a m e c h a n i s m w h i c h r e q u i r e s t h e u s e of m a n y m a t h e m a t i c a l 
t o o l s i n o r d e r t o u n d e r s t a n d i t s secre t s . T h e f o l l o w i n g e x p l o r a t i o n s a r e d e s i g n e d t o 
e n h a n c e s t u d e n t s ' m a t h e m a t i c a l ab i l i t i e s a n d m o t i v a t e d i s c o v e r y of f u t u r e 
c o n n e c t i o n s b e t w e e n m a t h e m a t i c s a n d t h e p h y s i c a l w o r l d . 
fixed point ~*>k 
A p e n d u l u m i s a n objec t (ca l led t h e p e n d u l u m b o b ) w h i c h is s u s p e n d e d f r o m a f ixed 
p o i n t . I t i s a s s u m e d t h a t t h e s u s p e n s i o n m e c h a n i s m i s r i g i d a n d t h e s u s p e n d e d b o b 
i s a l l o w e d t o s w i n g a l o n g a c i r cu la r p a t h . A s i l l u s t r a t e d i n t h e f i g u r e a b o v e , L i s t h e 
l e n g t h of t h e p e n d u l u m w h i c h f o r m s a n ang^e 0 w i t h a v e r t i c a l l i n e p a s s i n g 
t h r o u g h t h e f i xed p o i n t . 
M a n y p a r a m e t e r s c a n b e m e a s u r e d r e l a t i n g t o t h e p e n d u l u m a n d i ts m o t i o n . A 
g r a p h of t h e r e l a t i o n s h i p b e t w e e n t w o s u c h p a r a m e t e r s i s g i v e n b e l o w . T h e 
n u m b e r e d p l o t s 1 t h r o u g h 5 r e p r e s e n t f ive d i f f e r en t p e n d u l a . 
V e l o c i t y 
- 1 •L 
P h a s e S p a c e 
Angle 
r ^ l M S A 
Plots 1 t h r o u g h 3 are the ang l e a n d v e l o c i t y p l o t s for p e n d u l a d r o p p i n g f r o m a n g l e s 
of 1, 2 , a n d 3 radians , respect ive ly . It is a s s u m e d that t h e s e are theoretical p e n d u l a 
w i t h n o friction act ing u p o n t h e m . P e n d u l u m 4 s w i n g s in a p o s i t i v e ( counter 
c l o c k w i s e ) d irec t ion w i t h e n o u g h v e l o c i t y to c o n t i n u e rotat ing that d irect ion. 
P e n d u l u m 5 s w i n g s in a n e g a t i v e d irec t ion w i t h o u t ever c h a n g i n g t h e d irec t ion of 
its s w i n g path. T h e s w i n g paths for p e n d u l a 1 , 2 , and 3 are g i v e n in the f igure b e l o w . 
2 7 
T h e re la t ionsh ip b e t w e e n the hor i zonta l d i s p l a c e m e n t h of the b o b (d i s tance the b o b 
l ies f r o m t h e vertical) a n d the a n g l e 0 is i l lustrated in the f igure b e l o w . s i n ( 0 ) = j-
w h i c h i m p l i e s h = L s in(0) . Thus , the g r a p h s 
of hor izonta l d i s p l a c e m e n t as a func t ion of a n g l e s h o u l d b e 
p o r t i o n s of s i n e curves . T h e m a x i m u m a n d m i n i m u m a n g l e s for 
the s w i n g p a t h s d e t e r m i n e the e x t r e m e r ight a n d left h a n d p o i n t s 
o n the p lo t s as i l lustrated b e l o w . 
-3 -2 
L 
-1 
/ 
-L 
; I 2 3 
amglc I 2 3 aaglc 
1 2 3 
amglc 
T h e re la t ionsh ip b e t w e e n the y d i s p l a c e m e n t (d is tance the b o b l ies f rom the 
hor izonta l l ine p a s s i n g t h r o u g h the f ixed po int ) and the chord l e n g t h C (d i s tance 
f rom the l o w e s t p o s s i b l e p o s i t i o n of the b o b a n d the genera l x ,y p o s i t i o n of the bob) 
can a l so b e f o u n d analyt ical ly . 
r ^ l M S A 
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2 2 2 S ince t h e b o b t r a v e l s i n a c i r c u l a r p a t h , x + y = L 
a n d C is t h e d i s t a n c e b e t w e e n t h e p o i n t s (x,y) a n d (0,-L) 
w h i c h i s " \ / ( x - 0 ) 2 + ( y - ( - L ) ) 2 = - ^ x 2 + ( y + L ) 2 
= - > / L 2 - y 2 + ( y + L ) 2 = ^ 2 L 2 + 2 L y = V2L V L + y 
T h u s , i t i s n o s u r p r i s e t h a t t h e p l o t of t h e c h o r d l e n g t h a s a f u n c t i o n of h o r i z o n t a l 
d i s p l a c e m e n t i s t h e p l o t of t h e s q u a r e r o o t f u n c t i o n g i v e n b e l o w . 
c h o r d l e n g t h 
4 0 0 T 
ooo« 
o co o 2 & ° d c o o o o a x O T * ™
 o m l „ 
100 - 5 0 
•200<-
•400--
OsfiacKmxMt 
50 1 0 0 
It w a s e x c i t i n g for m e , a n d I h o p e for s t u d e n t s , t o d i s c o v e r m a t h e m a t i c a l 
r e l a t i o n s h i p s t h a t ex i s t b e t w e e n p a r a m e t e r p a i r s for w h i c h I h a d n o a n a l y t i c a l 
j u s t i f i ca t i on ( a l t h o u g h p h y s i c s s t u d e n t s c o u l d p r o v i d e o n e ) . T h e e x a m i n a t i o n of t h e 
p a r a m e t e r s v e l o c i t y a n d h o r i z o n t a l d i s p l a c e m e n t ( p l o t t e d b e l o w ) l e d t o s u c h a 
d i s c o v e r y . 
korizomta] 
veloci ty 
T h e p l o t a p p e a r s t o i n v o l v e q u a d r a t i c c u r v e s . Se l ec t i ng t h r e e p o i n t s o n c u r v e 3 a n d 
c a l c u l a t i n g t h e e q u a t i o n for a p a r a b o l a p a s s i n g t h r o u g h t h o s e t h r e e p o i n t s l e d to t h e 
r ^ l M S A 
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n e x t p l o t w h i c h i n v o l v e s b o t h t h e t h e o r e t i c a l p a r a b o l a ( so l id h o r i z o n t a l b a r s ) a n d 
t h e p e n d u l u m d a t a p o i n t s ( d i a m o n d s ) . 
korizomtal 
10( 
T h e n e x t p l o t is a g r a p h of t h e r e s i d u a l s o r d i f f e r ences b e t w e e n t h e t w o se t s of y 
v a l u e s p l o t t e d a b o v e . I n t e r e s t i n g q u e s t i o n s c a n a r i s e r e l a t i n g t o h o w t h e e q u a t i o n 
for t h e p a r a b o l a w a s g e n e r a t e d a n d h o w t h a t c h o i c e effects t h e s i z e of t h e r e s i d u a l s . 
r e s i d u a l s 
M a n y m o r e e x p l o r a t i o n s c a n b e i n i t i a t e d b y t h e s t u d y of t h e p e n d u l u m . I t i s left t o 
t h e r e a d e r t o se lec t o r c r e a t e a d d i t i o n a l p r o b l e m s of i n t e r e s t . A l l of t h e d a t a u s e d for 
t h e p e n d u l u m p l o t s w a s g e n e r a t e d b y a p e n d u l u m s i m u l a t i o n p r o g r a m w r i t t e n for 
M S - D O S m a c h i n e s . T h e d a t a files g e n e r a t e d b y t h e p r o g r a m c a n b e p l o t t e d a s 
p a r a m e t e r p a i r s b y t h e s i m u l a t i o n s o f t w a r e , o r t h e u s e r c a n l o a d t h e d a t a file i n t o a 
s p r e a d s h e e t a n d u s e t h e c a p a b i l i t i e s of t h e s p r e a d s h e e t t o a n a l y z e t h e d a t a . T h e 
s o f t w a r e is a v a i l a b l e t h r o u g h t h e m a t h t e a m a t I M S A for $5 i n o r d e r t o c o v e r t h e 
p r i c e of a d i s k a n d t h e s h i p p i n g a n d h a n d l i n g cos t s . S a m p l e w o r k s h e e t s o n h o w t h e 
p e n d u l u m c a n b e u s e d for p r e - c a l c u l u s t h r o u g h B C c a l c u l u s l e s s o n s a r e a l s o 
a v a i l a b l e u p o n r e q u e s t . 
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M O L E C U L A R B O N D ANGLE! A D o t Product S o l u t i o n 
by: Michae l Sloan, Dr. D a v i d Workman, E d w a r d M o y e r 
Illinois Mathematics and Science Academy 
H e r e is an interest ing p r o b l e m w i t h an e l egant so lut ion. W e u s u a l l y g i v e it to our 
p h y s i c s s tudents just after a d i s c u s s i o n of vector dot and cross product s a n d the u s e of 
u n i t vec tors . T h e s o l u t i o n e m p l o y s a v e c t o r d o t produc t to d e t e r m i n e t h e a n g l e 
b e t w e e n t w o molecular b o n d s in a crystal. 
O n e k i n d of crystal structure, ca l led a body-centered cubic, 
h a s a t o m s p l a c e d at the corners a n d center of a cube. 
S u p p o s e the center a t o m w a s b o n d e d to t w o corner a t oms 
as s h o w n in the diagram. The cube has s ides of length, a, »/ 
and the b o n d direct ions are g i v e n b y da and d 2 . The b o n d 
angle , 9, can be calculated b y u s i n g a vector dot product. 
L e f s start by writ ing the def init ion of the dot product for 
d! and d 2 . 
J - d l = ( d 1 ) ( d 2 ) c o s 9 
-* 
W e no te that d! is the m a g n i t u d e of the vector di 
-> 
.*. d : = d l x i + d l y j + d l z k w h e r e i , j, and k 
are, respect ively , unit vectors i n the x, y , a n d z d imens ions . 
S i n c e d l x = 0.5 a, d l y = 0.5 a, d l z = -0 .5 a 
d, = V ( 0 . 5 a)2 + (0.5 a)2 + ( -0 .5 a) 2 
* - " 
1
 1 / 
1 %/-
1 ' / 
* / -
z / 
W i 
\ - i - » 
d
- V 
-> -> 
= V0.75 a 2 
Simi lar ly , 
d 2 x = 0.5 a, d 2 y = - 0 . 5 a, d 2 z = 0.5 a 
s o d 2 = 0.866 a N o w l e f s l o o k at the left s ide of the dot product equat ion d ^ d 2 i s really 
-> -> 
di* d2 = (dlx i + diy j + dlz k) (d2x i + d2y j + d2z k) 
= (0.5 a i + 0.5 a j - 0.5 a k ) • (0.5 a i -0.5 a j + 0 5 a k ) = 
= 0.25 a 2 - 0.25 a2 - 0.25 a2 = -0.25 a2 
Finally, w e subst i tute these numerica l results into the original dot product equat ion. 
d a - d 2 = ( d : ) ( d 2 ) c o s 0 
-0 .25 a 2 =V 0.75a 2 V 0 . 7 5 a 2 cos 9 
- 0 . 2 5 , / - 0 . 2 5 
cos 9 =
 n<-jc s o 9 = cos* 0.75 
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U S I N G A CUBE T O F I N D T H E CIRCUMSCRIBED R A D I U S 
OF A REGULAR T E T R A H E D R O N 
by : C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
In t h e art icle "MOLECULAR B O N D A N G L E : A D o t Product So lut ion" b y S loan , 
W o r k m a n , a n d M o y e r , vec to r s a n d d o t p r o d u c t s a r e u s e d to s o l v e a r ea l w o r l d p r o b l e m . 
T h e key to t h e a u t h o r s ' s o l u t i o n i n v o l v e d t h e p l a c e m e n t of t h e a t o m s a t v e r t i c e s of a 
cube. 
M a t h e m a t i c s s t u d e n t s a r e o f ten a s k e d to s o l v e a p r o b l e m w h e r e it is l i k e w i s e he lp fu l t o 
p lace t h e f igure o n a cube . 
For e x a m p l e : 
G i v e n a r e g u l a r t e t r a h e d r o n of e d g e x, 
f ind t h e c i r c u m s c r i b e d r a d i u s , R, 
of t he c i r c u m s c r i b e d s p h e r e . 
Solu t ion : Firs t , w e p l a c e t h e 
t e t r a h e d r o n o n a cube . 
A C = x. T h e e d g e of t h e c u b e i s - p . T h u s , t h e m a i n d i a g o n a l of t h e c u b e is •
 /— 
x N 
^ or 
x-v/6 1 
~2~ • T h e r a d i u s , R, of t h e c i r c u m s c r i b e d s p h e r e is ~ t h e ma jo r d i a g o n a l . The re fo re , 
1 (xyji) x ^ 6 ^ 
R
= 2 - r " 4 • * 
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F I N D I N G M O M E N T S O F INERTIA, DISCRETELY 
by: Michae l S loan 
Illinois Mathematics and Science Academy 
Cons ider a n object t rave l ing i n a circular path of radius , R. If it rotates 
t h r o u g h a n a n g l e 9, i ts d i s p l a c e m e n t , s , is related to t h e ang le , 9 , b y 
s = R9. If w e l o o k at t h e object's ve loc i ty , v , as d s / d t t h e n v = R dO/dt. 
W e call d 9 / d t , co, a n g u l a r v e l o c i t y , m e a s u r e d in r a d i a n s / s (GO = 2TCR/T or 
2rcRf). If w e l o o k at t h e object's acceleration, a = d v / d t = R dco/dt. W e 
call dco/dt, a , a n g u l a r acce lerat ion, m e a s u r e d i n r a d i a n s / s . T h u s w e 
h a v e : 
s = R9 
v = Rco 
a = Roc 
S u p p o s e this object of m a s s m is g o i n g a r o u n d in a circle a n d i s b e i n g acce lerated b y a 
force, F, w h i c h acts ± to R. N e w t o n ' s 2 n d L a w says the b o d y wi l l acce lerate s u c h that 
a = F/m. Let's w r i t e that as F = m a . If w e m u l t i p l y b o t h s i d e s b y R, w e g e t R F = mRa. 
If w e c o n v e r t a to rotat ional no ta t ion , RF = mRRoc or m R 2 c t . 
7 
W e call R x F , torque a n d g i v e it t h e s y m b o l x. M R i s ca l l ed t h e object's rotat ional 
inertia, o f ten referred t o as t h e " m o m e n t of inertia" (I = m R ). N e w t o n ' s 2 n d L a w 
for rotat ing b o d i e s is therefore wr i t t en x = l a 
The m o m e n t of inert ia of a b o d y is e a s y to calculate if all of the b o d y is at the s a m e 
d i s tance , R , f r o m t h e p o i n t of rotation. A thin r ing, for e x a m p l e , c a n b e cons idered 
to b e the s u m of a l arge n u m b e r of e v e n l y s p a c e d p o i n t objects, e a c h t h e s a m e 
d i s tance f r o m the p o i n t o f rotat ion. Its total inertia, I , w o u l d just b e t h e s u m of t h e 
i n d i v i d u a l mass ' AI. If w e c o n s i d e r the r ing as cons i s t ing of n e q u a l m a s s p i e c e s 
(each M / n ) , t h e n e a c h m a s s w o u l d h a v e a AI = ( M / n ) R 
w o u l d b e t h e s u m of all the i n d i v i d u a l m o m e n t s : 
T h e total inertia, I, 
X M n R2 = M R 2 
H ^ I M S A 
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B u t , s u p p o s e a l l of t h e m a s s of a s p i n n i n g ob j ec t w a s n o t a t 
t h e s a m e d i s t a n c e f r o m t h e c e n t e r of r o t a t i o n . C o n s i d e r a 
r o d of l e n g t h , L, a n d m a s s , M , r o t a t e d a b o u t i t s m i d p o i n t . 
A s a f i rs t a p p r o x i m a t i o n , l e f s d i v i d e t h e r o d i n t o 2 p i e c e s , 
M 1 
e a c h w i t h m a s s -y, l o c a t e d a t T L f r o m t h e m i d p o i n t . 
W e ' l l e x a m i n e t h e lef t ha l f of t h e r o d a n d d o u b l e t h e 
r e s u l t s t o i n c l u d e t h e r i g h t ha l f . 
M / L \2 1 
A I l = y [ " T " J = 32 
a n d t h e t o t a l m o m e n t of i n e r t i a fo r b o t h p i e c e s is 
M L J 
I = 2 AIi 16 ML^ 
mass = M | """N, 
-** T 
First Approximation 
M 
2 " * * * v 
~ K 
J - X/TT2 N o t t o o b a d ; t h e a c c e p t e d v a l u e is | ~ M L . Le t ' s t r y a b e t t e r a p p r o x i m a t i o n 
M 
D i v i d e t h e r o d i n t o 4 p i e c e s , e a c h ~r, a n d l o c a t e t w o of t h e 
1 3 
p i e c e s a t g L a n d t h e o t h e r t w o a t g L a s s h o w n . 
M / L \ 2 , 
A I i = ~T ~o~ f ° r o n e of t h e i n n e r p i e c e s . 
M / 3 L \2 , 
AI2 = - j " — g — for o n e of t h e o u t e r p i e c e s . 
I = 2 ( A I i
 + AI 2 ) = 2 f [ ^ J + ( - ^ - J ] = 2 f ( - | - ) 2 [ l 2 + 3 2 ] = ^ M L 
1 3 5 7 
W i t h t h e r o d d i v i d e d i n t o 8 p i e c e s ( l o c a t e d a t T T L , z r g L , z r g L , a n d 7 7 L o n e i t h e r 
s i d e ) , t h e t o t a l m o m e n t of i n e r t i a b e c o m e s 
I = 2 - g - r - 1 ^ - J [ l 2 + 3 2 + 5 2 + 7 2 ] 
I n g e n e r a l , if w e d i v i d e t h e r o d i n t o n p i e c e s (n is a l w a y s e v e n t o p r e s e r v e t h e s y m m e t r y ) , 
H ^ I M S A 
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I
=
2
^ ( - i i r J [ l 2 + 3 2 + 5 2 + - - + < n - 1 > 2 ] 
2 2 2 2 
But w h a t is the s u m o f l + 3 + 5 + . . . + (n-1) ? Le t ' s e x a m i n e t h i s s e r i e s m o r e 
c l o s e l y . 
S e r i e s S u m 
n 
1 
2 
10 
4 
35 
6 
84 
8 
165 
10 
286 
12 
I f w e look a t t h e f irs t o r d e r d i f f erences i n t h e s e r i e s s u m w e g e t 
S e r i e s S u m 
n 
1 
2 
9 
10 
4 
25 
35 
6 
49 
84 
8 
81 
165 
10 
121 
286 
12 
If w e look at the s e c o n d order differences, 
16 24 32 40 
S e r i e s S u m 
n 
1 
2 
9 
10 
4 
25 
35 
6 
49 
84 
8 
81 
165 
10 
121 
286 
12 
But w h e n w e look at the third order differences, 
8 
.5 
24 
8 
49 
3 2 
8 
81 
40 
121 
S e r i e s S u m 
n 
1 
2 
10 
4 
35 
6 
84 
8 
165 
10 
286 
12 
w e s e e that they 're the s a m e va lue . This tells u s that the r e l a t i o n s h i p b e t w e e n the 
series s u m a n d n is cubic (third order) a n d h a s the form: f(n) = A n 3 + B n 2 + C n + D. 
L e f s g e t four i n d e p e n d e n t e q u a t i o n s f r o m the data table a b o v e a n d u s e t h e m t o 
d i s cover the v a l u e s of A , B, C, a n d D. 
(1) 
(2) 
(3) 
(4) 
1 = 8 A + 4B + 2C + D 
10 = 6 4 A + 16B + 4 C + D 
35 = 2 1 6 A + 36B + 6 C + D 
I 84 = 5 1 2 A + 64B + 8 C + D 
H ^ I M S A 
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S u b t r a c t i n g E q . 
( 2 ) - ( l ) (5) |"9 = 5 6 A + 12B + 2 C 
(3) - (2) (6) \ 2 5 = 1 5 2 A + 20B + 2 C 
( 4 ) - ( 3 ) (7) 1 4 9 = 2 9 6 A + 28B + 2 C 
( 6 ) - ( 5 ) (8) f l 6 = 9 6 A + 8B J 16  
1 2 4 = ( 7 ) - ( 6 ) (9)  1 4 4 A + 8 B 
( 9 ) - ( 8 ) 
s u b s t in (8) 
s u b s t in (5) 
(10) 8 = 4 8 A 
16 = 16 + 8B 
9 = 9 ^ + 2 C 
A - i 
B = 0 
c — i 
6 
8 2 
s u b s t in (1) l = ^ - ^ + D D = 0 
c t •
 n " * " n ( n 2 - l ) So, for o u r s e r i e s s u m , f(n) = ~r - T o r — 7 
N o w , l e f s r e t u r n t o o u r m o m e n t of i n e r t i a p r o b l e m . If w e d i v i d e o u r r o d i n t o n 
p i e c e s a n d d i s t r i b u t e t h e m a p p r o p r i a t e l y , t h e s u m of al l of t h e i r i n d i v i d u a l 
m o m e n t s of i n e r t i a is 
I = 2 f ( - ^ r J [ l 2 + 3 i + S J + . . . + ( n - l ) J ] 
w h i c h w e n o w s e e a s b e i n g 
M / L \2 
I s s 2 n ( - 2 l T j 
n ( n 2 - l ) n 3 1 , ^ 
A s n - > oo, _> —
 7 a n d I = j ^ M L • ^ ° 
n ( n 2 - l ) 
H i n t s : 
1° T h i n k a b o u t n 2 a n d (n + l ) 2 . 
2° S u b s t r a c t a n d a d d b o t h 4 m 2 n 4 a n d 4 m 4 n 2 . 
3° A d d t h e t w o e q u a t i o n s . 
4 ° C o n s i d e r n = 1995 a n d n = - 1 9 9 0 . 
5° L a b e l t h e b a s e s A B a n d C D (A, B, C , D c o n s e c u t i v e , A B > C D ) a n d d r a w 
CE 11 A D , E o n A B . 
If y o u a r e s t i l l i n t r o u b l e , t a k e a brief l o o k a t t h e f u r t h e r t i p s o n p a g e 37 
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C O N N E C T I N G A R E A F O R M U L A S P R O D U C E S A B E A U T I F U L F O R M U L A 
b y : C h a r l e s L . H a m b e r g 
Illinois Mathematics and Science Academy 
B 
T h e a r e a K of A A B C i s K = ^ b h (1) 
B S i n c e s i n A = — w e c a n w r i t e t h e a r e a 
c 
K = 2 b (c s i n A ) o r K = x b e s i n A (2) 
B If w e i n s c r i b e a circle O i n A A B C w i t h 
r a d i u s r w e c a n w r i t e t h e a r e a K of AABC 
u v 1 l u 1 t o b e K = « a r + ~ b r + x cr o r 
K = 2~r (a + b + c) (3) 
If w e c i r c u m s c r i b e a c i rc le O a b o u t AABC 
w i t h r a d i u s R w e c a n o b t a i n a n o t h e r a r e a 
f o r m u l a for A A B C . D r a w d i a m e t e r BD 
a n d d r a w s e g m e n t D C . Z B C D is a r i g h t 
a n g l e . ZA = Z D , s i n c e b o t h a r e i n s c r i b e d 
a n g l e s t h a t i n t e r c e p t t h e s a m e arc . T h u s 
a a 
D Q = 2R = s i n D = s i n A. 
a 1 
S u b s t i t u t i n g s i n A = ^ i n t o K = x b e s in A 
g i v e s K 
a b c 
4 R (4) 
S e t t i n g t h e r i g h t h a n d s i d e s of f o r m u l a s (3) a n d (4) e q u a l t o e a c h o t h e r g i v e s u s : 
1
 t U x a D C 
2 r ( a + b + c > = 4 R 
r ^ l M S A 
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It f o l l o w s that: 
2rR = 
abc 
a + b + c (5) 
O n c e formula (5) is in p l a c e n u m e r o u s q u e s t i o n s can b e asked . 
Explorat ion Q u e s t i o n s 
1) F ind rR if A A B C is equi lateral , w h e r e n is the l e n g t h of e a c h s i d e a n d 
n = 1 , 2 , 3 , 4 . . . 
2) F ind rR for a 45° - 45° - 90° triangle. 
3) F ind rR for a 30° - 60° - 90° triangle. 
4) F ind rR for the f o l l o w i n g chart: 
a 
3 
5 
7 
9 
11 
13 
15 
b 
4 
12 
24 
40 
60 
84 
112 
c 
5 
13 
25 
41 
61 
81 
113 
rR 
£a 
S* (further t ips) 
c o n t i n u a t i o n f rom p a g e 35 
1° 
2° 
3° 
4° 
5° 
N o t e that n 2 + n + 2 > n 2 and , for n * 1, n 2 + n + 2 < (n + l ) 2 . 
R e g r o u p t h e 6 t erms into tr inomia ls w h i c h can b e w r i t t e n as perfect squares . 
Y o u w o u l d g e t (x - y ) 2 = a 2 , h e n c e x - y = a or x - y = - a . 
Y o u o b t a i n t h e re la t ions 3f(1993) + 2f ( -1992) = 1994 a n d 3f ( -1992) + 2f(1993) = -1989 . 
The s i d e s of the tr iangle BCE are 24, 70 a n d 74 i n c h e s i n l ength . 
If y o u didn' t f ind t h e answers , y o u m a y b e h a v i n g a b a d day . Don't worry , g o 
to p a g e 4 8 . 
r ^ l M S A 
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T R A N S F O R M A T I O N S A N D A N I M A T I O N S I N P O L A R G R A P H I N G 
b y : G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
T h e p o l a r g r a p h of: r = a + b s i n ( t ) , for 
v a r i o u s v a l u e s of a a n d b , i s ca l l ed a L i m a c o n . 
I t c a n b e b e t t e r u n d e r s t o o d as a t r a n s f o r m a t i o n 
of o n e c i r c l e , r = 6, i n t o a n o t h e r , r = 6 s i n ( t ) , 
a s t h e r e l a t i v e v a l u e s of a a n d b c h a n g e . 
A t o n e e x t r e m e : a = 6 a n d b = 0, 
a n d a t t h e o t h e r e x t r e m e : a = 0 a n d b = 6. 
U s i n g a p o w e r f u l g r a p h i n g u t i l i t y s u c h as 
THEORIST o r MATHEMATICA, y o u c a n a l s o 
s e t u p a n a n i m a t i o n t h a t w i l l a l l o w t h e 
t r a n s f o r m a t i o n t o t a k e p l a c e b e f o r e y o u r e y e s . a = 6: r = 6 + 0-sin ( t ) 
a = 5 r = 5 + l - s i n ( t ) a = 4 r = 4 + 2-sin ( t ) a = 3.5 r = 3 5 + 2.5-sin ( t ) 
T h e circle , r = 6 (A degenerate case, where b = 0.) 
i s t r a n s f o r m e d i n t o a l i m a g o n w i t h a > b . 
T h i s t r a n s f o r m s i n t o t h e s p e c i a l c a s e of a 
c a r d o i d : r = 3 + 3 s in(t) , w h e r e a = b . 
W h e n a < b , w e h a v e a d o u b l e l o o p l i m a c o n . 
F ina l l y , t r a n s f o r m e d t o t h e o t h e r d e g e n e r a t e 
case , a circle: r = 6 s i n (t), w h e r e a = 0. &> 
a = 0 r = 0 + 6-sin ( t ) 
H ^ I M S A 
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C o m p u t e r S c i e n c e C o n n e c t i o n s 
by: Vernon Strong 
Illinois Mathematics and Science Academy 
1. I N T R O D U C T I O N 
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In order to e n h a n c e the learning of our s tudent s , w e as teachers s h o u l d m a k e 
connect ions of var ious mathemat ica l topics to as m a n y disc ip l ines as poss ible . The 
concept of a funct ion is an e x a m p l e of a topic w h i c h has connect ions in m a n y areas, 
inc lud ing c o m p u t e r sc ience and digital e lectronics (logic). S tudents p lann ing to 
succeed in c o m p u t e r sc ience s h o u l d h a v e a t h o r o u g h unders tanding of the concepts of 
funct ion, o n e - t o - o n e a n d inverse exp la ined in this article. 
N U M B E R B A S E C O N V E R S I O N S A R E F U N C T I O N S 
C o n v e r s i o n of n u m b e r s from o n e n u m b e r base to another is an e x a m p l e of a one- to-
o n e funct ion. 
Let C a b (x ) represent the n u m b e r base con vers ion process w h i c h takes a va lu e 
expressed in base a. and converts it into base b_. For e x a m p l e C 2 1 0 ( 1 0 1 1 0 ) = 22 and 
C10,16<175> = A R 
There are s o m e s imple observat ions about l e funct ion C a b ( x ) w h i c h w e can make . 
O n e idea is that convers ion from o n e b a s e i to itself d o e s no t change the number . 
This can be expressed as: C (x) = x. 
A s e c o n d idea is that s ince the funct ion is c e - to-one, it has an inverse . In fact, w h e n 
w e convert f r o m a first base into a s e c o n d se and then convert that result from the 
s e c o n d base in to the first base, w e wi l l g e t original number back again. This can b e 
expressed as: C b ^ ( C a b ( x ) ) = x. 
A practical m e t h o d for convers ion b e t w e e n w o bases that are different from base 10 is 
to convert f r o m the first base into base 10 a d then convert from base 10 into the 
s e c o n d base. This can be expressed as: C a . ( -CJQ/ b ^ a l ( / x ^ ' w n ^ c n *s a compos i t ion 
of funct ions: 
It i s useful at this po int to e x a m i n e the m e anics of convers ion b e t w e e n s o m e related 
bases , those in w h i c h o n e base is a p o w e r c h e other base, s u c h as convers ions 
b e t w e e n base 2 and base 8. Let's start b y a /erring a base 2 number into a base 8 
r ^ l M S A 
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n u m b e r , s a y C 2 8(11101110010). T h i s i s d o n e b y s e p a r a t i n g t h e b a s e 2 n u m b e r i n t o 
g r o u p s of 3 b i n a r y d ig i t s ( go ing f r o m r i g h t to left) a s fo l lows: 11 101 110 010. T h e n e a c h 
g r o u p of d i g i t s i s c o n v e r t e d i n t o t h e a p p r o p r i a t e oc ta l d ig i t . I n c o n c l u s i o n : 
C 2 / 8(11101110010) = C 2 / 8 ( l l 1 0 1 1 1 0 010) = 3562 
G o i n g f r o m b a s e 8 i n to b a s e 2 is j u s t a s ea sy . T h e v a l u e of C g 2(2716) is d e t e r m i n e d b y 
t a k i n g e a c h of t h e oc ta l d ig i t s i n t h e b a s e 8 n u m b e r a n d c o n v e r t i n g t h e m i n t o 3 b i n a r y 
d ig i t s : 
C g 2 ( 2 7 1 6 ) = 010 111 0 0 1 1 1 0 = 010111001110 
A s i m i l a r p r o c e s s c a n b e u s e d b e t w e e n b a s e 2 a n d b a s e 16, e x c e p t e a c h of t h e 
h e x a d e c i m a l d i g i t s r e p r e s e n t s 4 b i n a r y d ig i t s . 
0 , ^ ( 1 0 1 0 0 1 1 1 0 0 1 1 1 1 1 ) C 2 1 6 ( 1 0 1 0 0 1 1 1 0 0 1 1 1 1 1 ) = 539F 
T o c o n v e r t f r o m b a s e 16 to b a s e 2 c a u s e s e a c h h e x a d e c i m a l n u m b e r to b e r e p l a c e d w i t h 
4 b i n a r y d ig i t s . Fo r e x a m p l e : 
C 1 6 2 (A3C7) = 1010 0 0 1 1 1 1 0 0 0111=1010001111000111 
T h e r e a r e i n s t a n c e s of c o n v e r s i o n b e t w e e n t w o 
m o r e e a s i l y d o n e b y g o i n g t h r o u g h a n u m b e r 
r a t h e r t h a n g o i n g t h r o u g h b a s e 10. A n e x a m i 
a n d b a s e 16. T h e eas ies t m e t h o d of d o i n g th i 
c o n v e r t b e t w e e n b a s e 8 a n d b a s e 2, t h e n c o m 
c a n w r i t e th i s as: C g i 6 ( x ) = C 2 1 5 ^ 8 2^x^" A n c 
C8U(52A73) w i t h t h e s e s teps : ' 
C g / 2 (52473)=101 010 100 111 011 
c 2 1 6 ( i o i 010 100 111 011)=C 2 / I 6 (101 OK 
C 2 ' 1 6 ( 1 0 1 010 00111011)=553B 
b a s e s ( o the r t h a n b a s e 10) w h i c h a r e 
a se w h i c h is r e l a t e d to b o t h of t h e m , 
of th i s i s t o c o n v e r t b e t w e e n b a s e 8 
s t o u s e t h e c o n c e p t s j u s t d e v e l o p e d a n d 
t h e b a s e 2 n u m b e r i n t o b a s e 16. W e 
m p l e of th i s p r o b l e m is to c o n v e r t 
11011) 
3. L O G I C A L O P E R A T I O N S A R E F U N C N S 
If N O T ( x ) r e p r e s e n t s t he u n a r y N O T func t ion , w e h a v e t h e f o l l o w i n g t w o f u n c t i o n 
calls: 
N O T ( T r u e V ' s e 
N O T ( F a l s e ) a e 
S ince N O T ( x ) i s o n e - t o - o n e , t h e r e ex i s t s a n i 
1 ( F a l s e ) = T r u e a n d N O T " 1 ( T r u e ) = F a l s e . S i n e 
w e s e e c l ea r ly t h a t N O T is i ts o w n inve r se , 
to n o t e t h a t N O T ( N O T ( T r u e ) ) = T r u e a n d N C 
T h i s a l s o m e a n s t h a t N O T is i t s o w n inverse 
r s e func t ion , s a y N O T " , w h e r e N O T " 
O T ( F a l s e ) = T r u e a n d N O T ( T r u e ) = F a l s e , 
the r w a y of l o o k i n g a t th i s s i t u a t i o n is 
OT(Fa lse ) )=Fa lse , o r N O T ( N O T ( x ) ) = x . 
ds is ca l led a n i d e m p o t e n t func t ion . 
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NOT = NOT 
If OR(x,y) represents the binary OR function, w e h a v e the f o l l o w i n g four funct ion 
calls: 
OR(True ,True)=True 
OR(True ,Fa lse )=True 
OR(False ,True)=True 
OR(False ,False)=False 
W e c o n c l u d e that OR(x,y) does not h a v e an inverse , s ince it is n o t a one- to -one 
function. T o il lustrate this fact w e can observe that there are 3 instances w h e r e 
OR(x,y)=True and w e cannot predict the specific v a l u e s of x a n d y w h i c h p r o d u c e d that 
result of True. The o n l y thing that can be conc luded is that at least o n e of the t w o 
v a l u e s m u s t b e True. 
The OR(x,y) funct ion can be m a d e one - to -one b y i m p o s i n g an appropriate restriction 
o n the d o m a i n . W e n e e d to specify a subse t of the funct ion w h i c h is one- to-one . O n e 
e x a m p l e of a typical restriction of the d o m a i n of OR(x,y) w o u l d be that x=False. 
Another e x a m p l e of a restriction w o u l d be that y=False . A third (trivial) e x a m p l e of a 
restriction w o u l d b e that x=y=False . Al l three e x a m p l e s h a v e resul ted i n a one- to -one 
function. Thi s means , of course, that an inverse exists for each of these examples . 
If A N D ( x , y ) represents the binary A N D function, w e h a v e the f o l l o w i n g four funct ion 
calls: 
A N D ( T r u e , T r u e ) = T r u e 
A N D ( T r u e , F a l s e ) = F a l s e 
A N D ( F a l s e , T r u e ) = F a l s e 
AND(Fal se ,Fa l se )=Fa l se 
A N D is not 1-1 
A N D d o e s not h a v e an inverse funct ion. 
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A N D restricted o n d o m a i n e l e m e n t s (x,y) w h e r e x = y 
AND 
This funct ion is 1-1 and h a s an i n v e r s e function. 
If NOR(x ,y ) represents the binary N O R funct ion, w e h a v e the fo l l owing four funct ion 
calls: 
N O R ( T r u e , T r u e ) = F a l s e 
N OR ( Tru e ,F a l s e ) =F a l se 
N OR ( F a l se ,Tru e ) =F a l se 
N O R ( F a l s e , F a l s e ) = T r u e 
If N A N D ( x ) represents the binary N A N D funct ion, w e h a v e the f o l l o w i n g four 
funct ion calls: 
N A N D ( T r u e , T r u e ) = F a l s e 
N A N D ( T r u e , F a l s e ) = T r u e 
N A N D ( F a l s e , T r u e ) = T r u e 
N A N D ( F a l s e , F a l s e ) = T r u e 
T h e reader s h o u l d be able to arrive at a set of conc lus ions for the AND(x ,y ) , NOR(x ,y ) , 
a n d N A N D ( x , y ) funct ions, each of w h i c h wi l l parallel the conc lus ions s tated for the 
OR(x,y) funct ion. 
If XOR(x) represents the binary XOR funct ion, w e h a v e the fo l lowing four function 
calls: 
XOR(True ,True)=False 
XOR(True ,Fa l se )=True 
XOR(False ,True)=True 
XOR(False ,False)=False 
W e c o n c l u d e that XOR(x,y) d o e s no t h a v e a n inverse , s ince it is not a one- to -one 
function. T o i l lustrate this fact w e can o b s e r v e that there are t w o instances w h e r e 
XOR(x,y)=True. W e cannot predict the specif ic va lues of x a n d y w h i c h p r o d u c e d that 
result of True. But w e can predict that the x and y v a l u e s h a d to be different. Likewise , 
there are t w o instances w h e r e XOR(x,y)=False . W e cannot predict the specif ic va lues 
of x a n d y w h i c h p r o d u c e d that result of False, b u t w e c a n conc lude that x a n d y have 
to be equal . 
E v e n t h o u g h XOR(x,y) i s no t one- to -one , b y i m p o s i n g a n appropriate restriction o n the 
d o m a i n w e are able to specify a subse t of the funct ion w h i c h is one-to-one. O n e 
e x a m p l e of a typical restriction of the d o m a i n of XOR(x,y) w o u l d be that x=True. Other 
e x a m p l e s of a restriction w o u l d b e that x = False, y = True, or y = False. A n inverse 
ex is ts for each of these examples . 
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4. COMPILERS & INTERPRETERS A R E F U N C T I O N S 
A h i g h level c o m p u t e r l a n g u a g e c o m p i l e r (or i n t e r p r e t e r ) c a n b e t h o u g h t of a s a 
func t ion s i n c e e a c h v a l i d c o m m a n d i n t h e s o u r c e file i s c o n v e r t e d i n t o a p r e d i c t a b l e 
se r ies of m a c h i n e l a n g u a g e c o m m a n d s . 
W h e n c o n s i d e r i n g a s s e m b l y l a n g u a g e p r o g r a m m i n g , t he a s s e m b l e r is a o n e - t o - o n e 
func t ion , s i nce e a c h m n e m o n i c c o r r e s p o n d s to o n e m a c h i n e l a n g u a g e c o m m a n d . 
W h i l e i t i s t r u e t h a t i n s o m e c a s e s t h e m a c h i n e c o d e t akes m o r e t h a n o n e b y t e , i t i s 
still a s ing le , u n i q u e c o m m a n d . 
5. ERROR M E S S A G E G E N E R A T O R S A R E F U N C T I O N S 
In c o n t r a s t , t he p a r t of t h e c o m p i l e r / i n t e r p r e t e r w h i c h p r o v i d e s e r r o r c o d e s o r e r r o r 
m e s s a g e s c a n be t h o u g h t of a s a m a n y - t o - o n e func t ion , s i n c e n u m e r o u s (di f ferent) 
e r r o r s a r e iden t i f i ed w i t h t h e s a m e e r r o r c o d e o r e r r o r m e s s a g e . O n e c o m m o n 
e x a m p l e of th i s w o u l d b e t h e S Y N T A X E R R O R m e s s a g e ( f rom BASIC) w h i c h c o u l d b e 
g e n e r a t e d b y (1) a m i s s p e l l e d c o m m a n d , (2) a m i s u s e of a v a l i d c o m m a n d , (3) a 
p u n c t u a t i o n e r r o r w i t h i n t h e c o m m a n d , (4) a t t e m p t i n g to u s e a c o m m a n d w h i c h is 
n o t p a r t of t h e l a n g u a g e , etc . So , if t h e c o m p u t e r g e n e r a t e s t h e S Y N T A X E R R O R 
m e s s a g e , i t is i m p o s s i b l e to p r e d i c t w h a t a c t u a l l y c a u s e d t h a t e r r o r u n t i l y o u e x a m i n e 
the specif ics of t h e l ine w h e r e t h e p r o b l e m is. I n o t h e r w o r d s , e r r o r g e n e r a t o r s i n a 
c o m p u t e r d o n o t h a v e i n v e r s e s . 
6. C O N C L U S I O N 
E v e n t h o u g h t h e a b o v e top ics c a n b e p r e s e n t e d w i t h o u t t h e benef i t of f u n c t i o n s , t h e 
s t u d e n t ' s u n d e r s t a n d i n g of t h e s e top ics wi l l b e e n h a n c e d if t h e m a t e r i a l is v i e w e d in a 
b r o a d e r con tex t . T h i s wil l m a k e the c o m p u t e r s c i ence s t u d e n t b e t t e r ab l e t o h a n d l e 
v a r i o u s k i n d s of p r o b l e m s w h i c h m i g h t b e e n c o u n t e r e d . 
In d ig i t a l e l e c t ron i c s t h e r e m a y b e s i t u a t i o n s in w h i c h i t i s d e s i r a b l e to " u n d o " ce r t a in 
p r o c e s s e s ( funct ions) . If t h a t is a r e q u i r e m e n t , t h e n i t wi l l b e n e c e s s a r y for t h e d e s i g n e r 
to r e s t r i c t t h e d o m a i n so t h a t t h e f u n c t i o n is o n e - t o - o n e . S t u d y i n g t h e s e r e l a t i o n s h i p s 
wil l g i v e t h e s t u d e n t a n u n d e r s t a n d i n g o n w h a t m a k e s a f u n c t i o n " revers ib le" , w h e n 
i t h a s a n i n v e r s e . 
A s i d e f r o m t h e i m p l i c a t i o n s for i m p r o v e d c o m p u t e r sc i ence u n d e r s t a n d i n g , al l 
s t u d e n t s s h o u l d bene f i t f r o m r e c o g n i z i n g t h a t f u n c t i o n s a r e n o t a l w a y s n u m e r i c a l . 
T o o of ten t h e e x a m p l e s w e p r o v i d e s t u d e n t s in t h e M a t h e m a t i c s c l a s s r o o m a r e 
n u m e r i c a l , g i v i n g t h e i m p r e s s i o n t h a t t h e r e is o n l y o n e t y p e of f unc t i on . So, e v e n if 
s t u d e n t s a r e n o t p l a n n i n g o n m a j o r i n g in c o m p u t e r sc ience , t h e s e t o p i c s wi l l p r o v i d e 
the t e ache r w i t h a n o t h e r t y p e of f u n c t i o n for t h e m to e x a m i n e . A v a r i e t y of 
e x p e r i e n c e s l ike th i s s h o u l d i m p r o v e the i r u n d e r s t a n d i n g of func t ions . &> 
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SOLUTIONS T O THE PROPOSED PROBLEMS PUBLISHED 
I N T H E P R E V I O U S ISSUE 
by: Ti tu A n d r e e s c u 
Illinois Mathematics And Science Academy 
P- l . Solve t h e e q u a t i o n : ( x + 3 ) 1 / 2 - ( x + 2 ) 1 / 3 = 1. 
So lu t ion b y N o a h R o s e n b e r g , s t u d e n t , 
Illinois Mathematics and Science Academy 
Let (x + 3 ) 1 / 2 = a a n d (x + 2 ) 1 / 3 = b. T h e n a - b = 1 a n d a 2 - b 3 = x + 3 - (x + 2) = 1. Subs t i tu t ing 
a = b + 1 i n t o t h e e q u a t i o n a 2 - b 3 = 1, w e get (b + 1) - b = 1, w h i c h is e q u i v a l e n t t o - bO? + 
l ) (b - 2) = 0. T h u s , b = 0 o r b = - 1 or b = 2, so x = - 2 or x = - 3 or x = 6. Al l t he se va lues of x 
satisfy t h e or ig ina l e q u a t i o n , h e n c e , t h e se t of so lu t ions is {-3, - 2 , 6}. 
P-2. T h e real n u m b e r s a , b , c, d , be long ing to t he in terval [0,1], a r e d i s p l a y e d in strictly 
1 1 1 
d e c r e a s i n g o r d e r . F ind t h e m i n i m u m poss ib le v a l u e of:
 a _ u + u _ c + ^ 
Solu t ion b y Jay C h u n g , s t u d e n t , 
West High School; Iowa City, Iowa 
a n d Fred C h e n , s t u d e n t 
Illinois Mathematics and Science Academy 
U s i n g t h e A M - G M i n e q u a l i t y for t h e pos i t ive real n u m b e r s x, y , z w e get : 
j 3 
3 (x + y + z) > V * y z . (1) 
1 1 1 
Since - , —, — are , a lso , pos i t ive , w e ob ta in f rom the s a m e i n e q u a l i t y tha t : 
J 4
 + i t i > t o (2) 3 [x y z j \ x y z 
r\ 1 1-
F r o m (1) a n d (2) w e d e d u c e : (x + y + z)[ - + - + - ] > 9. 
C o n s i d e r i n g n o w x = a - b , y = b - c , z = c - d , w e ge t x + y + z = a - d < 1, hence 
a - b b - c c - d ~ a - d £ 9 . 
T h u s , t h e m i n i m u m pos s ib l e v a l u e of •. + j — 7 + . is 9 ( reached o n l y for 
2 1 
a = 1, b = o / C = o / d = 0, s ince these a re the only va lues of a , b , c, a n d d w h i c h m a k e 
x = y = z a n d x + y + z m i n i m u m ) . 
P-3. Solve t h e s y s t e m : x + y = - y 4 z - T 
z + x = V 4 y - 1 
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y + z = - \ / 4 x - l . 
Solu t ion b y Ben Siron, s t u d e n t , 
Illinois Mathematics and Science Academy 
Let - \ / 4 x - l = u , ^ 4 y - l = v , ^ 4 z - l = w . T h e n 
x = 4 ( u 2 + l ) , y = 4 ( v 2 + l ) , z = 4 ( w 2 + l ) (1) 
a n d , a d d i n g u p all t he e q u a t i o n s of the s y s t e m , w e get ^ (u 2 + v 2 + w 2 + 3) = u + v + w w h i c h 
is equ iva len t t o (u - l ) 2 + (v - l ) 2 + (w - l ) 2 = 0. This is poss ib le on ly if u = v = w = 1, 
1 1 1 
hence , b y (1), w e d e d u c e t ha t t h e s y s t e m h a s u n i q u e so lu t ion: (x, y , z) = ( ~ / 9 ' o.' * 
P-4. Let ( k j r e p r e s e n t t h e combina t i ons of m objects t aken k a t a t ime. P r o v e t h a t if 
n i s o d d , t h e n t h e sequence : [ | I, ( 2 J > • • • !Ld. < con ta ins a n o d d n u m b e r of o d d 
n u m b e r s . 
Solut ion b y Jay C h u n g , s t u d e n t , 
West High School, Iowa City, Iowa 
The s u m of t he b i n o m i a l coefficients [ Q ], | ] , f 2 ) / • • • / (
 n J is 2 n . U s i n g t h e re la t ions 
( k ) = ( n - k J ' ^ = 0 , 1 , . . . 2" / a n d takinj n to accoun t tha t n is o d d , w e d e d u c e t ha t 
( S W ? H 5 ) + . . . + ( 4 ) = 2 -
henc e t he n u m b e r s ( 1 )/ ( 2 ) ' • • • ' ,n- l 
( n > 
n - i i d u p to 2   -1, w h i c h is o d d for n * 1, 
V 2 , 
therefore , a m o n g t h e m t h e r e exists a n o d d 1 n b e r of o d d n u m b e r s . 
For n = 1 t he s t a t e m e n t is ev iden t . 
P-5. D e m o n s t r a t e t ha t if a a n d b a r e acu angles , t h e n 
= 1 
' s i n V 2 
s i n b 
if a n d only if a = b. 
2 \ 2 
cos a A 
c o s b 
Solu t ion b y the P r o p o s e r ] 
The equa l i ty is ev iden t if a = b. Conve r se ly f t h e equa l i ty ho lds , t h e n 
K s i n ' a 
there exists c, 0 < c < zr, s u c h tha t .
 K 
2 s in b 
= n c a n d 
cos 2a 
c o s b = cose, 
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therefore, sin b • s in c + cos b • cos c = s in 2 a + cos 2 a = 1, t h u s cos(b - c) = 1. 
7C 7C 0 0 
Since - y < b - c < y / w e d e d u c e tha t b - c = 0, h e n c e b = c. T h u s s in a = s in b , a n d 
s ince 0 < a , b < y / it fo l lows t h a t a = b s o the p r o b l e m is so lved . 
P-6. T h e d i agona l s A C a n d B D of t he quadr i l a t e ra l A B C D in te rsec t a t P . P r o v e t h a t if the 
s u m of the a r ea s of t r i ang les A B P a n d C D P equa l s t h e s u m of t h e a r e a s of t r iangles 
B C P a n d D A P t h e n a t leas t o n e of t he d i agona l s A C a n d B D h a s P a s its m i d p o i n t . 
So lu t ion b y Jay C h u n g , s t u d e n t , 
West High School, Iowa City, Iowa 
Let K X Y 2 be the a rea of the t r i ang le XYZ. Let a l so K p A g = u , K p B C = v , a n d 
K p c D = w . Then , f rom h y p o t h e s i s , K p D A = u + w - v . W e h a v e : 
K PAB _ P A _ ^ P D A 
K PBC **- K P C D 
since t he he igh t s (from B) of t h e t r i ang les PAB a n d PBC a n d the he igh t s (from D) of t he 
t r iangles P D A a n d P C D a r e t h e s a m e . T h u s 
u u + w - v 
v w 
u u - v u — v u - v 
w h i c h y i e lds — - 1 = , i.e. — — - —; — = 0 . 
F u n P r o b l e m 
P-7. Inse r t ing s y m b o l s o t h e r t h a n d ig i t s a n d tetters, t r ans fo rm 
2 = 0 
in to a t r u e equa l i ty . 
S O L U T I O N S : 
2 / = 0 (whe re ' is t h e s y m b o l of de r iva t ion) O R L V V 2 J = 0 , 
w h e r e [x] is t he g rea tes t in tege r less t h a n or equa . to x. A 
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P R O P O S E D PROBLEMS 
This sect ion con ta ins p r o b l e m s t h a t a d d r e s s h i g h school s t u d e n t s ( a n d the i r teachers!)- Both 
a r e cha l lenged to e i ther s e n d in so lu t ions to t h e p u b l i s h e d p r o b l e m s o r t o s u b m i t n e w 
p r o b l e m s for pub l ica t ion . See front cover for in format ion . 
P-8. [P roposed b y Ti tu A n d r e e s c u , Illinois Mathematics and Science Academy] 
F ind all p a i r s of n o n - n e g a t i v e in tegers , (x,y), s u c h t h a t 
x! + 5 = y 3 . 
P-9. [P roposed b y R a z v a n Gelca , University of Iowa] 
In a n isosceles t r iangle , t h e ra t io of t h e l eng ths of t w o s i d e s is e q u a l 
t o —_-—. D e t e r m i n e t h e exact m e a s u r e s of its angles . 
P-10. [P roposed b y S t e p h e n W a n g , s t u d e n t , Illinois Mathematics and Science Academy] 
Let A , B, C, D , E, a n d F b e po in t s o n a circle w i t h center at G . C o n s i d e r t he circles 
C^tC^C^C^ C5 a n d C6 c i rcumscr ibed , respect ively , a b o u t t h e t r i ang les GAB, GBC, 
G C D , G D E , G E F , a n d G F A . Let {H} = q n q -{G} , {1} = C, n Cs - {G} , a n d 
0 ) = ^ r i Q - ( G } . P r o v e t ha t G , H , I, a n d J a r e concyclic. 
P - l 1. [P roposed b y T i tu A n d r e e s c u , Illinois Mathematics and Science Academy] 
T h e s e q u e n c e ( a ^
 n > 0 i s def ined recurs ive ly b y : a^ = 2, a j = - 1 , a 2 = - 1 4 , a n d 
^ + 3 = ^ + 2 - 1 9 ^ + 1 ~93an' 
for e v e r y n o n n e g a t i v e in tege r , n. 
P r o v e tha t : 
a n = ( - 3 ) n + \[(2 + 3^Ti f + ( 2 - 3 ^ i ) n ] , 
for all n o n n e g a t i v e in tegers , n . 
P - l 2. [P roposed b y T i tu A n d r e e s c u a n d Richard Blecksmith , Northern Illinois University] 
F ind all p o l y n o m i a l s w i t h rea l coefficients, f(x), of d e g r e e n , s u c h tha t , for s o m e real 
n u m b e r s r j < r 2 £ . . . ^ r n - 1 < r n , 
f ( r i ) = f(r2) = . . . = f ( r n _ 1 ) = f(rn) = 0 
a n d 
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s-.n—x—.-.w 
2° 
3° 
4° 
5° 
(final h i n t s a n d a n s w e r s ) 
T h e r e a r e n o s q u a r e s b e t w e e n n 2 a n d (n + l ) 2 , s o n 2 + n + 2 is n o t a p e r f e c t 
s q u a r e for n * 1. 
O b t a i n ( m 3 - 2 m n 2 ) 2 a n d ( 2 m 2 n - n 3 ) 2 . 
W r i t e t h e o r i g i n a l e q u a t i o n s a s x(x - y) = a , y ( x - y ) = - a ( a - 1) a n d 
s u b s t i t u t e x - y = a o r x - y = - a . 
S o l v e t h e 2 b y 2 s y s t e m f o r m e d b y t h e s e e q u a t i o n s . 
S i n c e 24, 70, a n d 74 f o r m a P y t h a g o r e a n t r i p l e , X- BCE is a r i g h t a n g l e , a n d , 
t h u s , s o is t h e a n g l e f o r m e d b y t h e n o n - p a r a l l e l s i d e s of t h e t r a p e z o i d . 
A n s w e r s : 
1° O n e . 
2° ( m 3 - 2 m n 2 ) 2 + ( 2 m 2 n - n 3 ) 2 . 
3° T h e s o l u t i o n s a r e ( 1 , 1 - a) a n d ( -1 , a - 1). 
4 ° f(1993) = 1992. 
5 ° 90° . &> 
M A T H M A N 
There once w a s a wea l thy m a n , Rolle Converge w h o w a s t ry ing to p rove tha t 
there w a s no limit to his weal th . H e decided to r u n a pe rpe tua l par ty . H e 
r en ted space for this con t inuous function to be he ld at The Salon owned by 
Jake Epp , in the ne ighborhood k n o w n as The Interval . H e fully expected the 
pa r ty to sp r ead to the w h o l e town. His good friend M a t h m a n agreed to come 
to the pa r ty since h e w a s looking forward to mee t ing Delta at t he function. 
Rolle sa id that he wasn ' t su re that Delta w o u l d be a t the par ty . M a t h m a n 
knowing ly repl ied , "Delta will certainly be there, because the function is 
c o n t i n u o u s e v e r y w h e r e in The Interval a n d t h u s for a n y E p p ' s Salon there 
m u s t b e a Delta " 
r ^ l M S A 
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